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The response of single piles and pile groups to axial and lateral loading and the 
displacements induced in the soil by it are studied in this work using theoretical and 
experimental approaches. The theoretical solution for the loading of piles is based on 
idealized displacement forms, energy principles and calculus of variations. The idealized 
displacement field is expressed in terms of a group of unknown functions that determine 
both the vertical profile of the displacement along the axis of the pile, which are obtained 
using the eigenvalue/eigenvector method, and another that determines the displacement 
within the soil domain, which are obtained numerically using the finite difference method. 
The piles can have any cross-sectional shape, and the soil profiles can comprise as many 
layers as needed. The pile and soil materials are assumed linear elastic. Analysis results 
are in a good agreement with results from the finite element method (FEM), with the 
advantage that the results are obtained at a lower computational cost. 
The experimental method used to study the displacement field in soil is the Digital Image 
Correlation (DIC) technique, used on images consists resulting from axial and lateral load 
tests on model piles installed in a calibration chamber. The calibration chamber is a half-







are photographed during the load tests and the response of soil is studied by analyzing the 
acquired images using the DIC technique. The information is combined with data from 
instrumentation of the piles and the load and deflection at the pile head to provide 






CHAPTER 1. INTRODUCTION 
1.1 Background 
Pile foundations are widely used as safe foundations for many types of structures. 
Normally, foundations are designed to resist against axial loads that are applied in the 
form of dead loads and live loads transmitted from the superstructure. For many types of 
structures that are subjected to severe horizontal loading from natural or human-related 
sources, such as earthquake, tsunamis, wind load, wave action or transportation, design of 
pile foundations for lateral loads is equally important. Pile foundations are often designed 
and constructed as a group of piles capped by a reinforced concrete pile cap (Figure 1-1). 
 
 







Figure 1-1 (a) Vertically loaded pile groups and (b) laterally loaded pile groups. 
The applied axial load on a pile is carried by its base and shaft resistances 
(Salgado 2008). Typically, the shaft resistance reaches its limit value before complete 
mobilization of the base resistance (Salgado 2008). Therefore, once the shaft resistance is 
mobilized, any additional axial load is transferred directly to the base of the piles. 
Resistance of piles against lateral loading originates mainly from the bending stiffness of 
the piles (i.e. the product of Young’s modulus of pile Ep and the second moment of 
inertia Ip) as well as the passive resistance of soil around the piles. Figure 1-2 shows the 







Figure 1-2 Mechanism of soil resistance mobilization around axially and laterally loaded 
piles. 
The resistances against axial and lateral loads acting on the piles depend on the 
level of deformation of the soil in the vicinity of the piles, which conversely depends on 
the displacement and deformation experienced by the piles. 
1.2 Scope of This Study 
The present study focuses on the analysis of single piles and pile groups subjected 
to lateral and axial loading. The first part of this study concentrates on semi-analytical 
solutions that have been developed to analyze axially and laterally loaded pile groups 
embedded in multi-layered linear elastic soil strata. The principle of virtual work as well 
as the calculus of variations were used to develop the semi-analytical solutions. The 
solutions are labeled “semi-analytical” because both analytical and numerical methods 






The second part of this study focuses on a series of laboratory-scale experiments 
on axially and laterally loaded model piles (both single piles and pile groups) embedded 
in coarse-grained materials with different densities. Calibration chamber modeling 
coupled with the Digital Image Correlation (DIC) technique has been used to study the 
response of piles and surrounding soils during the load tests. 
1.3 Thesis Outline 
In chapter 2, a semi-analytical solution is introduced for analysis of isolated piles and pile 
groups under axial loading. The displacement field assumed for this solution consists 
only of the vertical component of the three-dimensional displacement field. 
In chapter 3, a semi-analytical solution will be presented for analysis of laterally 
loaded single piles and pile groups. The model is based on a simple displacement field 
around the loaded piles that consists only of the soil displacement along the loading 
direction. 
Chapter 4 will focus on modification of the semi-analytical solution presented in 
chapter 3 by adding an additional component to the displacement field that takes into 
account the soil displacement perpendicular to the loading direction on the planes parallel 
to the soil surface. 
Chapter 5 is the first chapter on experimental analysis of piles. The major focus of 
chapter 5 is on the effect of pile surface (shaft) roughness and soil density on the response 





In chapter 6, experimental analysis of isolated piles and pile groups under axial 
loading are presented, and, in chapter 7, the results from load tests on laterally loaded 
single piles and pile groups will be presented and discussed. 
Chapter 8 presents major conclusions drawn from this study along with 






CHAPTER 2. ANALYSIS OF AXIAL LOADING OF PILE GROUPS IN MULTI-
LAYERED ELASTIC SOIL 
This chapter is largely based on the paper by Tehrani et al.(2014). 
2.1 Introduction 
In pile design, piles must be able to sustain vertical loads from the superstructure 
without failing in bearing capacity or undergoing excessive settlement that would lead to 
structural damage and serviceability problems. In general, settlement controls the design 
of piled foundations because, by the time limit bearing capacity is reached, it is very 
likely that serviceability will have already been compromised and superstructure ultimate 
limit states attained. Often, a single pile does not have enough capacity to sustain 
structural loads on its own, so pile groups capped by a reinforced concrete pile cap are 
very common in foundation engineering solutions. This chapter proposes a new solution 
for the problem illustrated in Figure 2-1, which addresses the axial loading of a group of 
np piles connected at the top by a cap and installed in a soil profile consisting of ntotal 
layers. The piles in the group can have any cross-sectional shape. The main aim of the 
analysis of this problem is to relate the total displacement of the piles to the loads applied 
on them and provide estimates of the displacement of the soil surrounding the piles. 






Figure 2-1 Axially loaded pile group in a multi-layered soil profile. 
Structural loads get transmitted from the columns to the pile cap and then to the 
individual piles in the group. The response of a pile group to loads depends on the 
properties of the piles − pile geometry and material − and the properties of the soil 
surrounding the piles  soil strength and stiffness. Axial loads are absorbed by the shaft 
resistance mobilized along the length of the piles in the case of floating piles, and by both 
shaft and base resistances in the case of end-bearing piles. These resistances depend on 
the level of deformation of the soil in the vicinity of the piles, which conversely depends 
on the settlement experienced by the piles.  
Due to the importance of the problem, there has been considerable research on the 
response of axially loaded piles. Several theoretical and numerical approaches have been 
developed to analyze axially loaded single piles and pile groups. In general, these 





(e.g., Kraft et al. 1981; Armaleh and Desai 1988; Zhu and Chang 2002), (2) boundary 
element method (e.g., Poulos 1968; Poulos 1979; Xu and Poulos 2000; Butterfield and 
Banerjee 1971a; Butterfield and Banerjee 1971b), (3) finite element method (e.g., 
Ottaviani 1975; Pressley and Poulos 1986; Trochanis et al. 1991; McCabe and Sheil 
2014), (4) simplified analytical methods (e.g., Randolph and Wroth 1979; Lee 1993; 
Mylonakis and Gazetas 1998; Guo and Randolph 1999; Guo 2000; Lee and Xiao 2001), 
(5) hybrid methods (e.g., O’Neill et al. 1977; Chow 1986), (6) infinite and finite layer 
methods (e.g., Guo et al. 1987; Cheung et al. 1988; Zhang and Small 2000), and (7) 
variational calculus-based methods (e.g., Shen et al. 1997; Shen et al. 1999; Vallabhan 
and Mustafa 1996; Lee and Xiao 1999; Seo and Prezzi 2007; Seo et al. 2008; Basu et al. 
2008; Seo et al. 2009; Seo et al. 2011; Salgado et al. 2013). 
Butterfield and Banerjee (1971a and 1971b) used Mindlin’s solution (Mindlin, 
1936) for compressible piles and pile groups in homogenous elastic soil. In this method, a 
fictitious stress field needs to be obtained such that, when it is applied to the boundaries 
of the pile inscribed in a half space, produces displacements at the boundary that satisfy 
the boundary conditions. Once the fictitious stress field is obtained, then the load 
distribution along the pile is found by integrating the stresses along the pile shaft and 
base. For pile groups, Butterfield and Banerjee (1971a) used interaction factors to 
account for the effect of a loaded pile on neighboring piles.  
Randolph and Wroth (1978) developed an approximate solution for the analysis 
of single piles in a uniform soil profile, which was divided into two layers: one layer 
above the pile base and one layer below the pile base. The deformation of the upper layer 





was the result of a punch load applied at the pile base. Randolph and Wroth (1979) 
extended the single pile solution to pile groups by introducing interaction factors between 
the piles and using the principle of superposition to obtain the response of the individual 
piles in the group. Later on, Lee (1993) modified the method of Randolph and Wroth 
(1979) for compressible piles embedded in a soil with linearly increasing stiffness. Guo 
and Randolph (1999) and Guo (2000) used the load-transfer approach and the 
superposition principle to analyze axially loaded pile groups embedded in elastic 
nonhomogeneous soils. In their method, the stiffness of the soil is assumed to increase 
with depth by a power function of depth. Lee and Xiao (2001) extended the solution of 
Randolph and Wroth (1979) to pile groups by using a hyperbolic function to estimate the 
nonlinear displacements at the pile shaft caused by the acting shear stresses there.  
Guo et al. (1987) proposed an infinite layer method for the analysis of single 
piles. The soil profile is divided into sub-layers that are discretized with near field and far 
field elements, while the pile is discretized into a number of cylindrical elements that are 
not allowed to deform laterally. Cheung et al. (1988) extended the method of Guo et al. 
(1987) to pile groups by incorporating an iterative procedure into the calculations that 
used the principle of superposition to account for the effects of the presence of 
neighboring piles at locations that would have been occupied by soil in the single pile 
case.  
Shen et al. (1997) used a variational approach for the analysis of axially loaded 
pile groups in an elastic soil. In this method, a finite series is used to model the vertical 
deflection of the piles. The piles are treated as one-dimensional columns which were 






forces. Normal stresses were applied at the nodes associated with the base of each pile. 
The shape of the pile displacement function was assumed to be a summation of power 
functions of depth with unknown constant coefficients. The principle of minimum total 
potential energy was applied on the pile-soil system to obtain these unknown coefficients. 
Shen et al. (1999) modified the method of Shen et al. (1997) considering that the 
deformations and shear stresses of a group of piles can each be represented by an 
individual finite series with a set of unknown coefficients. The response of the pile group 
was then determined by using the principle of minimum potential energy. 
Vallabhan and Mustafa (1996) presented an analytical solution for a drilled shaft 
installed in an elastic soil medium using principle of minimum potential energy and by 
assuming a displacement field for the entire pile-soil system. The displacement field was 
assumed as the product of two unknown functions varying in the radial and vertical 
directions. The principle of minimum potential energy along with calculus of variation 
was used to obtain these unknown functions and the pile-soil system response to axial 
loading. Lee and Xiao (1999) extended the work of Vallabhan and Mustafa (1996) to 
multi-layered elastic soil. Seo and Prezzi (2007) obtained a closed-form solution for the 
vertical displacement of the pile-soil system subjected to axial loading. Seo et al. (2009) 
expanded the method of Seo and Prezzi (2007) to analyze axially loaded rectangular 
piles. Salgado et al. (2013) improved the method of Seo and Prezzi (2007) by assuming 
non-zero radial displacement in the displacement field formulation of the pile-soil 
system.  
This chapter presents a semi-analytical solution for the analysis of axially loaded 






vertical displacement of any point in the soil domain is a function of the vertical 
displacement of each of the piles in the pile group. The principle of virtual work and 
calculus of variations are used to formulate the problem. The analysis is applicable to 
both axially loaded single piles (by simply making the number of piles equal to 1) and 
pile groups. Since the proposed analysis is based on continuum mechanics without 
relying on the principle of superposition, it allows the implementation of more realistic 
constitutive models. 
2.2 Theory 
2.2.1 Displacement field and stress-strain relation 
In a pile group problem, the displacement of the piles and the surrounding soil is 
influenced by the displacement of each of the piles in the group. The displacement field 
for the entire soil-pile system {u(x, y, z)}, regardless of the cross-sectional shape of the 
piles, can be expressed in a Cartesian coordinate system as a summation of np unknown 
functions, where np is the number of piles in the group, as follows:  
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        (2.1) 
where ( )iw z  is the vertical displacement of pile i, and ( , )if x y is a decay function for pile 
i that accounts for the decrease in soil displacement with increasing distance from pile i. 
The values of every decay function fi(x,y) vary between 1 within the domain of pile i (in 






domain in the x-y plane. Only the vertical component of the displacement field is 
considered in equation (2.1).  
Differentiation of (2.1) produces the infinitesimal strain field (with the 
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    (2.3) 
The elastic stress-strain relations follow: 
2 ( 2 / 3 )kl s kl s s mm klG K G            (2.4) 
where Gs and Ks are the shear and bulk moduli of elastic soil. 
2.2.2 Principle of virtual work 
The virtual strain energy density function is expressed as: 
2 2kl kl zz zz xz xz yz yz                (2.5) 
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where Epi is the Young’s modulus of pile i material, Api is the cross-sectional area of pile i, 
and Qi is the axial load applied on pile i.  
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  (2.7) 
Every term in equation (2.7) has a first variation of one of the unknown variables 
wi(z) or fi(x,y) or their first derivative. Equation (2.7) can be condensed as: 
 
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i i i i
i
z w x y f 
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          (2.8) 
To satisfy equation (2.8), wherever the functions ( )iw z and ( , )if x y are unknown, 
the coefficients ( )i z and ( , )i x y  must be equal to zero. In the first step, we start with 
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where nab is the number of layers above the pile base and ntotal is the total number of 
layers in the soil profile, with summation done over all the layers.  
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Collecting the terms containing ( , )if x y  in equation (2.7) results in: 
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2.2.3 Differential equations 
To satisfy equation (2.7), each of the coefficients of the first variations appearing 
in it must be zero, which leads to the governing differential equations (Euler-Lagrange 
equations) and boundary conditions for the axially loaded pile group problem. Solutions 
of these differential equations are functions ( )iw z  and ( , )if x y that balance the internal 
and external virtual energy of the system. From equation (2.11), the Euler-Lagrange 
equation for the i
th
 pile and k
th
 layer is derived as: 
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for z > Lp. 
Assuming that the elastic properties of every soil layer are independent of depth 
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Using equation (2.11), the boundary conditions for the i
th
 pile are established. At z 
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At z = Hk < Lp: 
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At z = Hk = Lp: 
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At z = Hk > Lp and k < ntotal:  
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Finally, at infinite depth, 
total
 nz H  and , 0i kw  . 
From equation (2.15), the Euler-Lagrange equation governing the decay function 
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with boundary conditions: 
1 at pile 
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which means that the value of the decay function associated with the i
th
 pile is 1 within 
the domain of pile i and zero within the domain of all the other piles as well as on the 
boundaries of the soil domain on the x-y plane.  
Equations (2.20) and (2.21) are solved analytically to derive the response of the 
piles to the loading; at the same time, the system of coupled partial differential equations 
in Equation (2.26) are solved numerically to obtain the displacement field across the soil 
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in which the fourth term on the left hand side reflects the effect of the other piles in the 
group on the displacement induced by pile i to the soil domain. This coupling was found 
to be redundant since the coupling and interaction between the piles in the group have 
been already captured by equations (2.20) and (2.21). Furthermore, the coefficients of 
equation (2.28) fall within a narrow range for all piles, resulting in an ill-conditioned 
coefficient matrix for large pile groups. Therefore, by neglecting the fourth term of the 
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2.2.4 Analytical solution for the pile differential equations 
The eigenvalue method is used to solve the coupled ordinary differential 
equations (ODE) for the pile vertical displacement. Equations (2.20) and (2.21) represent 
systems of second-order ODEs for the layers above and below the pile base, respectively. 
For a given layer k, the system of differential equations in matrix form becomes: 
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Reordering equation (2.30): 
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Equation (2.35) can then be rewritten as: 
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Now we have the following relationship: 
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where δij is the Kronecker delta, which is 1 when i=j and 0 otherwise. 
Solution of the coupled ODE system given by equation (2.37) follows: 
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where 
i  and  iv are the eigenvalues and the i
th
 eigenvector of the coefficient matrix 
 B , respectively and ic  are unknown constants. 
The vertical displacement and its first derivative within the k
th
 soil layer for any 






j k i i j i
i
w c z v 
















         (2.44) 
If the solution vector k is a complex vector, then only the real part of it is considered to 
obtain the displacement along the piles. 
2.2.5 Numerical solution of the decay function differential equations 
A two-dimensional central-difference finite difference scheme is used to solve the 
differential equations of the decay functions. An unequal grid spacing was used to 
discretize the domain (see Appendix A). The discretized form of the governing 
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2.2.6 Algorithm 













 in the pile governing differential equations represent the 
stiffness of the soil surrounding the piles. The solution starts by assuming initial values 




for each layer and by solving for the pile displacements and 





, which are the coefficients of the differential equations governing 
the decay functions, are calculated; this is followed by calculation of the decay functions 










 for each layer and the pile 
deflections in the current step. These steps are repeated until convergence of the solution, 
which is checked by comparing the current values of vertical displacement and axial 
force on each pile at the pile head with values at the previous step and by enforcing a 
relative error less than the tolerance tol (a value of 10
-3 
was found to produce convergent 
values at every cross section of every pile).  
As suggested by Basu et al. (2008), adjustment of the properties of the elastic soil 
are necessary to compensate for the relatively stiff pile response obtained by solving the 
governing differential equations assuming zero soil displacements in the x and y 
directions (this artificially restrains the displacement of the piles). A way to compensate 
for the artificial restraint imposed on the pile response by assuming a one directional 
displacement field is to set the Poisson’s ratio equal to zero and to modify the soil shear 
modulus as follows (e.g., Randolph (1981) and Basu et al. (2008)): 
 * 1s s sG G             (2.47) 
The constants β, χ and κ are fitting parameters that are chosen considering the 
results of analyses of piles with different geometry embedded in different soil profiles. 
For axially loaded single piles, Basu et al. (2008) suggested β= 0.6 , χ= 1.25 and κ= 2. In 
this chapter, in order to produce more accurate results, the shear modulus of every soil 
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where β = 0.716 (this value was obtained from analyses of piles with different length-to-
diameter ratios embedded in soil with different stiffness profiles), G
†






is the shear modulus of the soil at the pile base and Gave is the weighted average of the 






















          (2.49) 
By setting the Poisson's ratio equal to zero and using the modified shear modulus, the 
modified bulk modulus is reduced to Ks
*
 = 2/3 Gs
*





were done in the above equations before results were obtained for the 




2.3 Analysis and Results 
2.3.1 Grid size evaluation 
Solution of the partial differential equations (PDEs) for the decay functions is 
based on discretization of the domain in the x-y plane and use of the finite difference 
method. It is necessary to discretize the domain with sufficient accuracy using a fine grid 
to capture the shape of the pile and surrounding soil with sufficient accuracy, but it is 
equally important to do so while keeping computational costs down to reasonable levels. 








Figure 2-3 Biased grid used for discretizing the soil domain. 
Up to three zones are defined based on the number of piles considered in the 
analyses: i) a zone with uniform grid size a1 that is used to discretize the pile domain, ii) 
a zone with a one-way, ascending biased grid with size starting with the smallest grid size 
value a1 at the edge piles of the pile group and increasing towards the maximum grid size 
an at the boundary of the domain, and iii) a zone between the piles with a two-way, 
ascending biased grid with the smallest grid size value a1 at the perimeter of the pile cross 
section and its maximum size am at the center of the distance separating any two pile 
rows. 
For the biased grid, a geometric progression (see Appendix B) was used to 
gradually transition from a fine to a coarse grid. A grid size analysis was done to 
establish the coarsest grid size producing acceptable accuracy. The smallest grid size (a1) 






the pile head became less than 0.5%. A biased grid with the smallest grid size of the order 
of a1 = 0.02Bp was found to produce reasonably accurate results for all pile group 
configurations considered in this chapter. 
2.4 Validation 
Results from the analysis presented in this chapter for a single pile and three 
different pile group configurations installed in a layered soil profile were compared with 
results from FE analyses: a single circular pile (1 × 1 pile group), a 2  2 group of 
circular piles, a 3  3 group of circular piles, and a 4  4 group of square piles. The soil 
profile consists of four layers, as shown in Figure 2-4. The elastic properties (Young’s 





 = 4169.4 kPa) for layer 1, Es2 =30 MPa and s2 = 0.2 (Gs2
*
 = 11920.6 
kPa; Ks2
*
 = 7947.1 kPa) for layer 2, Es3 =50 MPa and s3 = 0.15 (Gs3
*
 = 18905.7 kPa; Ks3
*
 
= 12603.8 kPa) for layer 3, Es4 =100 MPa and s4 = 0.15 (Gs4
*
 = 31983.6 kPa; Ks4
*
 = 
21322.42 kPa) for layer 4. The first layer of the soil profile is 3-m thick, the second and 
third layers are 4-m thick, and the fourth layer extends below the level of the base of the 
piles. The piles have Bp = 0.5 m, Lp = 12 m and Young’s modulus Ep = 30 GPa (Bp = 
width of the square piles). The center-to-center pile spacing s is taken as 3Bp. A vertical 
displacement of 10 mm was applied to the head of each pile implying the presence of a 








Figure 2-4 Soil profile used in validation of the method of analysis. 
To choose the dimension of the soil domain, analyses were performed to verify 
that the first derivatives of the soil displacements along the x, y and z directions were less 
than 1×10
-6
 at the boundaries of the soil domain in the x, y and z directions. For all the 
analyzed cases, a soil domain 100 m (= 200Bp) long, 100 m (= 200Bp) wide, and 40 m 
deep was sufficiently large to satisfy this criterion. Taking advantage of symmetry in the 
analyzed problems, only a quarter of the domain was modeled and analyzed. To match 
the soil-pile contact that was assumed in the analytical solution, no slippage or gap 
creation were allowed between the soil and pile in the FE models. In the FE models, 
translation along the y and x axes was restrained at the symmetry planes along the x and y 
axes, respectively. For all other faces of the soil domain, except the soil surface, all 








Figure 2-5 Boundary conditions for a quarter soil domain in an FE model. 
Figure 2-6 shows a typical FE model used in the numerical validation of the 
analysis presented in this work. 
 
 
Figure 2-6 Structured mesh for one quarter of the soil domain with reduced-integration, 






Results of the analyses of piles installed in the four-layer soil profile shown 
Figure 2-4 are presented in Figure 2-7 (for a single pile), Figure 2-8 (for a 22 pile 
group), Figure 2-9 (for a 33 pile group), and Figure 2-10 (for a 44 pile group). The 
figures show the vertical displacement profiles of the soil at the ground surface as well as 
the vertical displacement profiles of each pile obtained both from the analyses with and 
without modified soil properties and from the finite element method (FEM). There is an 
appropriate similarity between the results from the analyses using the modified soil 




Figure 2-7 Soil and pile displacement profiles due to 10 mm pile head settlement of a 
single pile: (a) vertical displacement at the ground surface and (b) vertical displacement 








Figure 2-8 Soil and pile displacement profiles due to 10 mm pile head settlement of a 2×2 
pile group: (a) vertical displacement at the ground surface and (b) vertical displacement 










Figure 2-9 Soil and pile displacement profiles due to 10 mm pile head settlement of a 3×3 
pile group: (a) vertical displacement at the ground surface and (b) vertical displacement 
of the corner piles, (c) vertical displacement of the edge piles, and (d) vertical 










Figure 2-10 Soil and pile displacement profiles due to 10 mm pile head settlement of a 
4×4 pile group: (a) vertical displacement at the ground surface and (b) vertical 
displacement of the corner piles, (c) vertical displacement of the edge piles, and (d) 
vertical displacement of the center piles. 
The FE analyses were done ABAQUS CAE (ABAQUS 6.12-2, 2012) on a 24-
core server with 48-GB RAM. The analyses relied on 20-node quadratic brick, reduced 
integration elements, with domains identical to those of the analyses. The analyses were 
performed using a Visual C# code (Microsoft Visual Studio Professional 2012) running 
on a desktop computer with  four processors and 4-GB RAM. Table 2-1 provides a 
























Single Pile 420470 1823.1 4356 5 6.11 
2×2 Pile Group 326515 1647.6 9801 4 7.31 
3×3 Pile Group 375999 1724.2 15376 6 52.92 
4×4 Pile Group 309258 1552.5 23409 7 99.35 
 
Settlement influence factors Iw (Iw = wEsBp/Q) were calculated based on the 
results of the axially loaded pile and FEM analyses presented in this work and compared 
with those obtained from Hirai (2012) and Poulos (1979b) for single piles embedded in 
three-layered soil profiles. Figure 2-11 shows the soil profile, the elastic properties of the 
soil in each layer for three different cases, and the geometry and properties of the axially 
loaded pile. Table 2-2 presents the values of the settlement influence factors calculated 








Figure 2-11 Three-layered soil profile used to calculate settlement influence factors 
(modified after Hirai (2012)). 
 















1 0.0386 0.0399 0.0377 0.0336 0.0379 0.0378 
2 0.0330 0.0354 0.0430 0.0311 0.0425 0.0429 
3 0.0366 0.0392 0.0382 0.0323 0.0369 0.0384 
 
Table 2-2 shows that SAM tends to produce, as expected, lower values for the 
settlement influence factor than those obtained using FEM; it also produces values that 
are less than those yielded by the other methods. The underprediction of settlement from 
SAM originates from the fact that identical displacement fields are assumed for the soil 








 are in close agreement with those from FEM with relative errors of 
0.26%, -0.98% and -4.17% for cases 1, 2 and 3, respectively. 
Analyses (SAM
*
) were also done with modified soil properties for a single pile 
and symmetric pile groups (1×2 and 2×2) consisting of 0.5-m-diameter circular piles with 
Ep = 30 GPa embedded in a uniform soil profile with Es = 15 MPa and νs = 0.5 (Gs = 
5000 MPa and Ep/Gs = 6000; Gs
*
 = 4695.469 kPa and Ks
*
 = 3130.313 kPa). The center-
to-center spacing between adjacent piles is taken as 2.5Bp, while the pile length was 
varied from 5 to 50Bp. Results of the analyses for the single piles (1×1 pile group) were 
compared with those from FEM and Butterfield and Banerjee (1971a) (see Figure 2-12). 
For the pile groups (1×2 and 2×2 pile groups), the results of the analyses were compared 
with those from FEM, Butterfield and Banerjee (1971a) and Guo and Randolph (1999). 
The results of the analyses are shown in Figure 2-12 and Figure 2-13 in terms of the axial 
load Qt acting on the head of the piles normalized with respect to the product of the pile 
head settlement wt, the soil shear modulus Gs and the pile diameter Bp versus the length-
to-pile diameter ratio. Additional analyses were performed for a 3×3 pile group with 
center-to-center pile spacing s = 2.5Bp using the same soil and pile properties described 
above, as shown in Figure 2-14. From the comparisons shown in Figure 2-12 through 
Figure 2-14, it can be seen that there is close agreement between the results of the 









Figure 2-12 Comparison of pile head stiffness for a single pile embedded in a soil with 
Ep/Gs = 6000 and νs = 0.5. 
 
Figure 2-13 Comparison of pile head stiffness for 1×2 and 2×2 pile groups embedded in a 







Figure 2-14 Comparison of pile head stiffness for 3×3 pile groups embedded in a soil 
with Ep/Gs = 6000 and νs = 0.5. 
2.5 Pile Group Efficiency 
The analysis presented in this chapter can be used to prepare efficiency charts, 
which can then be used to design axially loaded pile groups, provided that the response of 
an isolated pile is available. The pile group efficiency factor g is defined as the ratio of 








            (2.50) 
where Qtotal is the axial capacity of the pile group for a given pile head displacement and 
Qsingle is the axial capacity of a single pile subjected to the same pile head displacement 






The proposed analysis can also be used to prepare settlement charts that can then 
be used to predict the vertical displacement of pile groups provided that the vertical 
displacement of a single pile subjected to the average load on each pile in the pile group 
is known. The settlement ratio Rs is defined as the ratio of the vertical displacement of a 
pile group to that of a single pile under the average individual pile load in the group 
(Chow 1986). Given the fact that, for linear elastic soil, Rs = 1/ηg, the settlement ratio can 
be deduced directly from the group efficiency of the pile groups.  
Figure 2-15 shows a side view of a 3×3 pile group with a rigid cap embedded in 
soil with different stiffness profiles. A vertical displacement of w = 10 mm is applied to 
the rigid cap causing an equal vertical displacement of every pile in the group. The piles 
have circular cross-section with Bp = 1 m and Ep = 25 GPa. In the first soil profile (case 
1), soil stiffness is zero at the ground surface and linearly increases with depth. In the 
second and third soil profiles (cases 2 and 3), soil stiffness is uniform with depth. For 
case 1, a 4-Lp deep soil profile (to ensure that the depth of soil profile meets the criteria 
set for the dimension of the soil domain for single piles and pile groups) was sub-divided 
into 1-m-thick sub-layers, and the elastic soil properties in the middle of every sub-layer 








Figure 2-15 Soil profiles for the 3×3 pile group. 
Figure 2-16 through Figure 2-18 show group efficiency, calculated by SAM
*
, as 
a function of the center-to-center pile spacing normalized with pile diameter for the three 
stiffness profiles shown in Figure 2-15 for piles with Lp/Bp of 6, 10, and 20 and center-to-
center pile spacing ranging from 2Bp to 10Bp. Figure 2-16 through Figure 2-18 show that 
group efficiency increases with increasing pile spacing. Also, Figure 2-16 through Figure 
2-18 show that group efficiency increases as the pile slenderness ratio Lp/Bp decreases. 
Moreover, group efficiency in the soil profile with increasing stiffness with depth is 
greater than that for the cases with uniform soil profiles [the pile group in stiff soil (case 








Figure 2-16 Effect of pile spacing on group efficiency of the 3×3 pile group with Lp/Bp = 
6, 10, and 20 for soil with Es = 3z MPa and νs = 0.2 (case 1). 
 
Figure 2-17 Effect of pile spacing on group efficiency of the 3×3 pile group with Lp/Bp = 







Figure 2-18 Effect of pile spacing on group efficiency of the 3×3 pile group with Lp/Bp = 
6, 10, and 20 for soil with Es = 100 MPa and νs = 0.2 (case 3). 
2.6 Summary and Conclusions 
A method for the analysis of isolated piles and pile groups under axial loading 
embedded in multi-layered elastic soil is proposed in this chapter. The solution relies on a 
displacement field that is a summation of the product of the vertical displacement of 
every pile in the pile group and their associated decay functions. The principle of virtual 
work and calculus of variations are used to derive the governing equations that predict the 
response of axially loaded piles and the surrounding soil. The following assumptions are 
made: i) the soil and pile are in perfect contact, i.e., there is no relative displacement 
(slippage) between the pile and the soil; and ii) the displacements along the x and y 
directions are neglected; this assumption results in stiffer pile response than obtained 






One of the major advantages of the proposed analysis is its potential for 
incorporation of any constitutive model since it does not rely on the superposition 
principle. Another advantage of the proposed analysis is that it can be used for any pile 
group configuration and pile geometry. The results of the analyses presented in this 
chapter for various pile geometries, pile group configurations and soil profiles compare 
well with finite element predictions, but with less computational effort. Settlement ratio 
charts or efficiency charts can be prepared based on the results of the pile group analyses 
considering different soil modulus profiles. These charts can be used in practice, provided 
that the load-settlement response of a single pile (which may be obtained from a pile load 
test) is known, to produce an estimate of the settlement and total capacity of axially 
loaded pile groups. 
 
APPENDIX A FINITE DIFFERENCE SCHEME 
We use unequal-arm five-point stencil for domain discretization as shown in Figure 2-19 
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respectively. 
Neglecting terms of order higher than one in Eqs (2.51) to (2.54), we can write 
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Using central difference, the second-order partial derivatives of function  ,if x y  can be 
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APPENDIX B GEOMETRIC PROGRESSION 
Let a1 be the finest grid size in the domain that is located next to the pile domain. 
Using a geometric progression, we can discretize a length L with n elements (segments) 
such that the size of the k
th
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where r is the common ratio that is unknown and needs to be determined. The value of r 








CHAPTER 3. ANALYSIS OF LATERALLY LOADED PILE GROUPS IN 
MULTILAYERED ELASTIC SOIL 
This chapter is largely based on the paper by Salgado et al. (2014). 
3.1 Introduction 
3.1.1 The problem of the laterally loaded pile group 
It is common for a single pile to not have enough capacity to sustain a structural 
load (as from a column in a frame structure) on its own, so pile groups capped by a 
reinforced concrete pile cap are very common in foundation engineering solutions. The 
present chapter proposes a new solution for the problem illustrated in Figure 3-1, which 
addresses the lateral loading of a group of np piles connected at the top by a rigid cap and 
installed in a soil profile consisting of ntotal layers. The main aim of any analysis of this 
problem is to relate the total displacement of the pile cap to the load applied on it. Also of 
interest are estimates of the displacements that develop in the surrounding soil and what 
the internal forces in the piles are. 









Figure 3-1 A laterally loaded pile group in a multi-layered soil profile. 
Horizontal forces may be due to wind, waves, traffic or seismic loadings. These 
loads are, in the end, transferred to the piles supporting the structures. The horizontal 
forces get transmitted to the pile cap and then to the top of individual piles as 
concentrated forces and/or moments. One of the challenging aspects of pile design under 
lateral loads is to determine the fraction of the total loading that gets distributed to each 
pile. Given the range of structures subject to significant lateral loading, there has been 
considerable research on the problem of laterally-loaded piles, an indicator of the 
importance of the problem and an indicator also of the lack of a definitive, satisfactory 
solution to the problem. The literature on the topic is reviewed next. 
3.2 Analysis and Design Approaches 
3.2.1 Subgrade reaction method 
Analysis of laterally loaded piles was initially based on representing soil by a 







However, this method was modified to include the plastic deformation of soil (which 
starts at very small strains) by incorporating non-linearity in the springs (McClelland and 
Focht 1958; Matlock and Reese 1960). Further modification of this concept resulted in 
the p-y method, which is widely used today. 
In the p-y method, load-displacement (p-y) curves are associated with different depths 
along the pile, and the pile deflections are calculated iteratively using the so-called p-y 
curves (Matlock 1970; Reese and Van Impe 2001; Reese et al. 1974, Reese et al. 1975; 
Reese and Cox 1969). For routine design, the p-y method is the method of choice, as 
finite element analyses are too costly, but it suffers from limitations (Budhu and Davies 
1988; Georgiadis and Butterfield 1982; Hetényi 1946; Poulos 1971b; Rao and Prasad 
1988; Rao 1998; Rao et al. 1998; Selvadurai 1979). 
3.2.2 Continuum approach 
The continuum approach assumes the pile as embedded in an elastic continuum. 
Classical work (e.g. Poulos 1971a; Poulos and Randolph 1983) on the problem of the 
laterally loaded pile group has relied on analytical and numerical elastic techniques and 
principles, often including the principle of superposition, to solve it. The variational 
approach has been used to set up the boundary value problem for a pile loaded laterally in 
an elastic medium with some assumptions on the form of the displacement field; 
analytical or numerical solution of the problem then led to the pile displacements for 
different boundary conditions (Sun 1993, 1994a, 1994b). Similarly, analyses of a laterally 







the displacement field in the soil and minimizing potential energy for the pile-soil system 
(Basu et al. 2009; Basu and Salgado 2007, 2008). 
There has also been considerable work on use of numerical methods, particularly he finite 
element method (Bhowmik and Long 1991; Bransby 1999; Brown et al. 1988; Desai and 
Appel 1976; Hsiung and Chen 1997; Trochanis et al. 1991) to study the laterally loaded 
pile group problem. The major advantage of numerical techniques is their flexibility in 
adapting to different geometries, boundary conditions and constitutive relationships. 
However, they are mostly problem-specific and computationally intensive, requiring, in 
addition, both sufficient experience on the part of the analyst and time to properly set up 
the analysis. In contrast, linear elastic methods cannot be applied in practice without a 
measure of judgment, but provide insights into pile load response and establish the 
conceptual basis for more realistic methods of analysis. 
3.2.3 Pile group analysis and goals of the present work 
Field and model experiments have shown that pile group response to lateral loads 
is extremely complex and depends on many factors, including loading and boundary 
conditions, arrangement of piles in a group and pile-to-pile spacing, and the stiffness of 
each pile relative to the other piles and the soil (Cox et al. 1984; Feagin 1937, 1954; 
Gandhi and Selvam 1997; Kim and Brungraber 1976; McVay et al. 1996; Ng et al. 2001; 
Rollins et al. 1998). In early research, displacement and load distribution among the piles 
were determined considering the effect of soil as elastic springs (Francis 1964; 
Hrennikoff 1950; Saul 1968). The most commonly used method of analysis today is the 







other things being equal, a pile group deflects more than an isolated pile loaded to the 
average load per pile in the group (Brown et al. 1988; Brown et al. 1987) because the soil 
stiffness is decreased because of superposition of deformation zones of neighboring piles. 
The p-y multiplier approach take into account this phenomenon by using multipliers to 
decrease the soil resistance associated with the p-y curve of a single-pile in order to apply 
it on each individual pile in the pile group. These multipliers have typically been 
calculated from numerical and experimental  results (Brown and Shie 1991; McVay et 
al.1998; Ng and Zhang 2001; Ruesta and Townsend 1997; Zhang et al. 1999). The 
multiplier values are problem-specific, and there is no rational method available that can 
be used to predict the multipliers in a generalized way. 
Dunnuvant and O’Neill (1986) showed that complex response of pile groups 
cannot be captured only by a single method. Other researchers have also pointed to the 
limitations of different methods (e.g. Hariharan and Kumarasamy 1983; Zhang et al. 
1999a; Horsnell et al.1990). The existing methods for analyzing the laterally-loaded pile 
problem are subjected to one or more of the following shortcomings: (1) need for 
important assumptions and approximations, (2) analyses that are difficult to use in 
practice or that do not provide much insight into the problem or (3) continued reliance on 
representation of the soil by springs. This chapter presents an analysis of laterally-loaded 
pile groups in multi-layered, elastic soil media. The analysis is based on the assumption 
that the displacements at points in the soil is a function of the displacements of each pile 
in the group but the analysis does not rely on the superposition principle, which means 
there are no restrictions on its future use to a material that is not linear elastic. With the 







energy (or, more generally, the principle of virtual work) can be used to set up the 
formulation. The analysis is equally applicable to single piles (by simply making the 
number of piles equal to 1). The analysis has the strengths that it is based on proper 
physics; it is easy to use once it has been coded; and, being a continuum mechanics-based 
solution, it establishes the basis for future improvements, including use of more realistic 
constitutive models. 
3.3 Theoretical Framework 
3.3.1 Displacement, strain and stress fields 
The displacement {u(x, y, z)} at any point in the soil mass around a pile group is 
linked to the displacement experienced by each pile in the group. The lateral component 
of {u(x, y, z)} in the soil can then be expressed as the summation, for all np piles in the 
group, of the product of the lateral displacement ( )iw z  of pile i by a dissipation or decay 
function ( , )if x y  associated with pile i. Each of these np decay functions varies between 1 
at the location of the specific pile the decay function is associated with and zero both at 
the locations of all the other piles and at an infinite distance from the pile group (in 
practical terms, at the boundaries of the domain used to approximate the soil half space). 
One of the important advantages of this approach is that this assumption on soil 
displacement can be made regardless of the constitutive model used for the soil, i.e., it is 
not an application of the superposition principle, with the important implication that the 
approach is not restricted to an elastic model of the soil. The displacement field may be 







In this chapter, we assume a form for the displacement field in terms of Cartesian 
coordinates and assume a linear-elastic model for the soil. The simplest possible 
displacement function around a pile group is given by: 
1












         (3.1)
 where ( , )if x y  is the decay function that attenuates the displacement ( )iw z  induced by 
the i
th
 pile across the domain. Equation (3.1) applies regardless of the shapes of the cross 
sections of the piles and, as we will show, produces excellent results despite its 
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produce the elastic stresses: 
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3.3.2 Potential energy and energy minimization 
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     (3.7) 
where i iE I is the flexural rigidity of pile i, and iF  and iM  are the external lateral load and 
moment acting at the head of pile i. 
Application of the principle of minimum potential energy to the pile-soil system 
requires that we take the first variation of the potential energy and require that it be zero 
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which, fully expanded after stress and strain substitutions and with recognition that the 
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  (3.9) 
Each of the terms in (3.9) has a first variation of some variable. The next step is to 
collect terms containing common first variations and organize them into terms associated 
with the piles and terms associated with the soil domain. We start with terms containing 
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where the sums are over layers, nab is the number of sub-layers above the pile base, and 
ntotal is the total number of layers and sub layers.  
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are integrals evaluated only over the soil domain for each layer k. 
Collecting the terms containing ( , )if x y  in equation (3.9) follows: 
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where: 
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3.3.3 Differential equations 
Equation (3.9) is valid only if each of the coefficients of the first variations 
appearing in it is zero. This requirement leads to the controlling differential equations and 
boundary conditions for the laterally loaded pile group problem. These differential 
equations are known as Euler-Lagrange differential equations, and they produce the 
functions ( )iw z  and ( , )if x y that minimize the potential energy of the system. Using 
equation (3.12), the Euler-Lagrange equation for the i
th
 pile and k
th
 layer is given as: 
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for z > Lp. 
Equations (3.15) and (3.16) are differential equations with variable coefficients. 
For linear elastic soil, the coefficients ,z kijt and 
,z k
ijk  for every layer do not vary with depth, 
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for z > Lp, which are ordinary differential equations with constant coefficients.  
The boundary conditions for the i
th
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At z = Hk < Lp: 
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At z = Hk = Lp: 
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for a fixed pile base. 
At z = Hk > Lp and k < ntotal:  
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Finally, at infinite depth, 
total
 nz H  and , 0i kw  . 
From equation (3.14), the Euler-Lagrange equation for the decay function 





( , ) ( , )
( , ) 0
pn
j jxy xy xy
ij ij ij j
j
f x y f x y
t t k f x y
x y
   
    
   
     (3.25) 
with boundary conditions: 
1 at pile 
( , )







      (3.26) 
which implies that the magnitude of the decay function associated with the i
th
 pile is 1 
within the cross section of pile i and zero within the cross section of all the other piles. 







Equation (2.26) is a system of coupled partial differential equations that needs to 
be solved numerically along with the analytical solutions of equations (3.17) and (3.18) 
to derive the responses of the pile and the displacement field in the soil. Rewriting of 
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    (3.27) 
allows us to more clearly separate the physical effects that the analysis represents. The 
fourth term of the left side of equation (2.28) includes the effect of the other piles in the 
group on the contribution of pile i to the displacement field (as represented by fi) in the 
soil domain. This coupling was found to be superfluous in terms of accuracy because the 
most important coupling between the piles in the group is captured by equations (3.17) 
and (3.18). Additionally, because the values of the coefficients of equation (2.26) are 
within a narrow range for all piles, consideration of that term can produce an ill-
conditioned coefficient matrix for large groups. A simplifying assumption that eliminates 
this shortcoming and reduces computation time is to simply neglect the fourth term of the 
left side of equation (2.28), which leaves us with the following equation to describe the 
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3.3.4 Semi-analytical solution for pile deflection profiles 
We use the eigenvalue method for solving the coupled ordinary differential 
equations for the pile deflections. Equations (3.17) are a system of 4th-order ODEs for 
layers above the pile base, and equations (3.18) are a system of second-order ODEs for 
layers below the pile base. For a layer k above the pile base, the eigenvalue method for 
solving a system of 4
th
-order ODEs is based on expressing the differential equations as a 
matrix equation: 
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in which ij is the Kronecker delta that is equal to unity when i and j are equal, otherwise 
zero. 
Solution of the ODE system represented by (3.29) is given by: 
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where ic  are arbitrary integration constants that are determined by applying the boundary 
conditions at the interfaces of layer k, i are the eigenvalues of the coefficient matrix  A , 
and  iv is the i
th
 eigenvector of the coefficient matrix  A . 
For any pile j in the group, the deflection and its derivatives within the k
th
 layer 
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where, as an example, (4 3),j iv  is the (4j-3)
th
 component of the i
th
 eigenvector. 
Below the pile base, we can rewrite Eq. (3.18) for the k
th
 layer as: 
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To produce an equation similar to equation (3.29), we can write: 
     T w K w           (3.44) 
or 
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1
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Now we have the following relationship: 
    B             (3.46) 
where: 
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Solution of the ODE system represented by equation (2.37) is given by: 
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where 
ic  are integration constants, i are the eigenvalues of coefficient matrix  B , and 
 iv is the i
th
 eigenvector of the coefficient matrix  B . 
For any pile j in the group, the deflection and its derivatives within the k
th
 layer 
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The solution vectors  k  and  k may be complex vectors. We consider only the real 







3.3.5 Numerical determination of the decay functions fi(x,y) 
We use a 2D central-difference finite difference scheme to solve the decay 
function differential equations. In order to reduce computation time, we use unequal 
spacing to discretize the domain. As shown in detail in Appendix 2-A, a five-point stencil 
was used to derive the discretized forms of the partial derivatives of  ,if x y . 
The discretized form of the governing differential equations for the decay 











, 1 , , 1
2 ,
2 2




xy xy xyi i
ii ii ii i
k l k l k l
R i L R i L ixy
ii
L R L R
k l k l k l
T i B T i B ixy xy k l
ii ii i
B T B T
f x y f x y
t t k f x y
x y
x f x x f x f
t
x x x x
y f y y f y f
t k f






       
  
       
        
   
         
0
   (3.54) 


















xy xy xy k l
ii ii ii i
L R B T
xy
k l k lii
R i L i
L R L R
xy
k l k lii
T i B i
B T B T
t t k f
x x y y
t
x f x f
x x x x
t
y f y f
y y y y
 
 
     
     
          
   
     
    
     
    (3.55)
 
3.3.6 Algorithm 
With the formulation of the boundary-value problem complete, we turn to the 
algorithm to perform the calculations, which is shown in Figure 3-2. The algorithm is 







pattern of deformation in the soil determined by the decay functions ( , )if x y  and the pile 




 that appear in the coefficients 
of the pile differential equations. Once the new pile displacement profiles are obtained by 







which appear in the differential equations for the decay functions, can be calculated, 
allowing new estimates of the decay functions to be calculated and the cycle to restart. 
This process continues until convergence is achieved. 





layer; the pile deflections and their derivatives are then solved for using equations (3.17) 









of the decay function differential equations are calculated; this is followed by calculation 
of the decay functions (equation (3.28)) and their partial derivatives. In the subsequent 
iteration, the values of the decay functions and their partial derivatives obtained in the 




 for each layer 
and the pile deflections in the current step. These steps are repeated until convergence, 
which is checked by comparing the current values of deflection, rotation, shear force, and 
bending moment of each pile at the pile head with values at the previous step and by 
enforcing a relative error less than the tolerance tol, for which a value of 10
-3 
was found 
to be sufficient. This check also ensured convergence of these quantities at other 









Figure 3-2 Algorithm for solving the problem of laterally loaded pile groups. 
3.4 Analysis Validation 
3.4.1 Grid size analysis 
Solving the partial differential equations (PDEs) for the decay functions requires 
discretizing the domain in the x-y plane and solving the discretized form of the PDEs 
using the finite difference method. It is necessary to discretize the domain with sufficient 







sufficient accuracy, but it is equally important to do so while keeping computational costs 
down to reasonable levels. This was achieved by decomposing the domain into multiple 
zones, each discretized with grids of different sizes, as shown in Figure 3-3. 
 
 
Figure 3-3 Schematic grid for a pile group-soil domain on x-y plane. 
A five-point stencil is used for the finite difference scheme (Appendix 2-A). To 
enhance the accuracy of the results and minimize the effect of pile shape discretization on 
the decay function and its partial derivatives at the pile-soil interface, nodes (such as node 
1′ in Figure 3-4, which illustrates this process for a circular pile and nodes 0 through 4) 
are added to the pile-soil interface. The value of the decay function within the pile 
domain is equal to unity, and that applies also to node 1′ in Figure 3-4 (and all other 
nodes like it). 
A grid size analysis was done to establish the largest grid size producing 







and increasing gradually to 2Bp at a distance of 18Bp from the pile at the edge of a pile 
group was found to be acceptable for all configurations considered. 
 
 
Figure 3-4 Five-point stencil near the pile domain. 
3.4.2 FEM validation 
In order to illustrate the versatility and potential of the method, we analyzed four 
pile foundation configurations (a single pile, a 1  2 group, a 1 × 3 group, and a 3  3 
group) installed in a layered soil profile. The soil profile consists of three layers (see 
Figure 3-5). The elastic properties of the soil layers are: Es1 = 10 MPa and s1 = 0.35 for 
layer 1, Es2 =30 MPa and s2 = 0.25 for layer 2, and Es3 =60 MPa and s3 = 0.15 for layer 
3. The first and second layers are 3-m thick, and the third layer extends below the level of 
the bases of the piles. The piles are all circular with Bp = 0.5 m and Lp = 15 m and Ep = 25 
GPa. This combination of piles and soil profile lead to conditions referred to in the 
literature as “long” pile conditions, meaning that displacements, rotation and internal 
forces approach zero for a depth less than the pile length. The spacing s is 3Bp. The pile 
heads are all fixed to simulate a rigid pile cap. A lateral displacement of 10 mm was 







(implicitly simulating pile cap rigidity). The soil domain is 60 m (=120Bp) long, 60 m 
(=120Bp) wide, and 30 m deep. 
 
 
Figure 3-5 Soil profile used in validation of the method of analysis. 
Results of the analyses of piles installed in the 3-layered soil profile shown in 
Figure 3-5 are presented in Figure 3-6 (for a single pile), Figure 3-7 (for a 12 pile 
group), Figure 3-8 through Figure 3-11 (for a 13 pile group) and Figure 3-12 through 
Figure 3-15 (for a 33 pile group). The figures show the profile of soil displacements at 
ground surface level in the direction of application of the load and the displacement, 
bending moment and shear force along the axis of each pile obtained both from the 
analyses and from the finite element method. There is an appropriate similarity between 
the results from the analyses and those from the finite element method. The sharp 
discontinuities in the shear force plots for the piles at the location of layer interfaces 







modulus: there is a difference in shear force carrying capacity between one layer and the 
next that must be absorbed by the pile(s). These discontinuities are not observed in the 
FEM because it relies on variable interpolations that produce a smooth plot. 
 















Single Pile 353266 1357.2 15376 5 27.8 
1×2 Pile Group 541490 2493.4 24676 7 71.1 
1×3 Pile Group 512760 1909.5 23188 6 134.5 
3×3 Pile Group 503766 1511.5 24649 6 350.8 
 
For each calculation case, we perform calculations also using a finite element 
analysis. The FE analyses were done ABAQUS CAE on a 24-core x86 server containing 
twelve 3.0-GHz dual-core Xeon 5675 processors with 48-GB RAM. The analyses relied 
on 20-noded brick elements, with domains identical to those of the analyses. Plots of 
displacement in the soil domain and along the pile axis are provided for each case to 
illustrate the close match between the results of the analyses and the FEM. The analyses 
were performed with a Visual C# code running on a desktop computer with 2 Intel Quad 
2.66-GHz processors and 4-GB RAM. A summary of the computational effort in each 












Figure 3-6 Soil and pile deflection properties due to 10 mm pile head deflection of a 
single pile: (a) lateral displacement on the ground surface, (b) lateral displacement of the 












Figure 3-7 Soil and pile deflection properties due to10 mm pile head deflection of a 1×2 
pile group: (a) lateral displacement on the ground surface, (b) lateral displacement of the 















































Figure 3-13 Deflection of the (a) corner pile, (b) edge pile on the x axis, (c) edge pile on 











Figure 3-14 Bending moment along the (a) corner pile, (b) edge pile on the x axis, (c) 














Figure 3-15 Shear force along the (a) corner pile, (b) edge pile on the x axis, (c) edge pile 
on the y axis and (d) center pile in the 3×3 pile group. 
The analysis works equally well for “short” piles, that is, piles for which 
displacements, rotations and internal forces do not go to zero anywhere along the pile. 
This is illustrated for a 3×3 pile group consisting of short piles embedded in a uniform 
soil profile with Es = 10 MPa and s = 0.2. The piles are all circular with Bp = 1 m and Lp 
= 6 m and Ep = 25 GPa. The spacing s is 2Bp. The pile heads are all fixed to simulate a 
rigid pile cap. A lateral displacement of 10 mm was applied, together with rotation 
constraint to the head of each pile. The soil domain is 120 m (=120Bp) long, 120 m 
(=120Bp) wide, and 40 m deep. Results of the analyses are presented in Figure 3-16 
through Figure 3-19. The figures show the profile of soil displacements at ground surface 
level in the direction of application of the load, and the displacement, bending moment 
and shear force along the axis of each pile obtained both from the analyses and from the 
finite element method. The results show that there is good agreement between the 





















Figure 3-17 Deflection of the (a) corner pile, (b) edge pile on the x axis, (c) edge pile on 














Figure 3-18 Bending moment along the (a) corner pile, (b) edge pile on the x axis, (c) 












Figure 3-19 Shear force along the (a) corner pile, (b) edge pile on the x axis, (c) edge pile 
on the y axis and (d) center pile in the 3×3 pile group. 
3.5 Group Efficiency 
A particularly useful result from calculations using the analyses proposed in this 
chapter is the possibility of preparing pile group efficiency charts, which give engineers a 
basis for design of laterally loaded pile groups if information on the response of an 
isolated pile is available. The pile group efficiency factor l here is defined simply as the 
ratio of the average lateral load capacity of a pile in the group to the lateral load capacity 






            (3.56) 
where Htotal is the horizontal resistance of the pile group, and Hsingle is the horizontal 
resistance of a single pile at the same displacement level and identical conditions. 
Figure 3-20 shows a 3×3 pile group with a rigid cap embedded in soil profiles 







all circular with Bp = 1 m and Ep = 25 GPa. Three general stiffness profiles are 
considered. In case 1, soil stiffness is zero at the ground surface and increases linearly 
with depth. In case 2, the soil stiffness at the ground surface is nonzero (taken as 10 MPa) 
and increases linearly with depth. In case 3, soil stiffness is uniform with depth. In cases 
1 and 2, the soil profile, which is 40-m deep, was sub-divided into relatively thin sub-
layers with thickness of 1 m, and the elastic soil properties in the middle of every sub-
layer were used to solve the differential equations for the piles. 
 
 
Figure 3-20 Soil profiles for the 3×3 pile group. 
Figure 3-21(a) through Figure 3-21(d) show group efficiency as a function of 
pile spacing for the three stiffness profile cases considered in this chapter for piles with 
Lp/Bp of 6, 10, 15, and 20 and pile spacing ranging from 2Bp to 10Bp. The critical length 
separating “long” from “short” pile response is approximately 10m for these conditions. 
As expected, Figure 3-21 shows that group efficiency increases with increasing spacing. 







length approaches the critical length, then increases very slightly and stays unchanged for 
lengths clearly greater than the critical length. Additionally, as shown in Figure 3-21(a) 
through Figure 3-21(d), when the soil stiffness decreases, group efficiency increases, 






Figure 3-21 Effect of pile-to-pile spacing on group efficiency of the 3×3 pile group with 







The analysis, applied to a 4×4 pile group in two-layer profiles, allows insights 
into pile group response in cases in which a softer soil layer (such as soft clay or very 
loose sand) overlies a stiffer soil layer (such as very stiff clay or dense sand) and vice 
versa (see Figure 3-22). The piles considered in the calculations have Ep = 25 GPa, Lp = 
16 m and Bp = 0.4 m, with Lp/Bp = 40. The soft layer has Es,soft = 10 MPa and s,soft = 0.2, 
while the stiffer layer has Es,stiff = 110 MPa and s,stiff = 0.2. The thickness of the upper 
layer is 6 m. A horizontal displacement of 10 mm was applied to the pile cap. The group 
efficiency was calculated for spacings equal to 2Bp, 4Bp, 6Bp, 8Bp and 10Bp. Figure 3-23 
shows that the group efficiency is greater for the soft-over-stiff layer soil profile than for 
the stiff-over-soft layer soil profile. It also shows that the group efficiency of the pile 
group is the same for the two soil profiles for 2Bp but the two diverge as the pile spacing 
increases. Due to the large value of Lp/Bp, the maximum group efficiency is well below 
unity, which is consistent with what is observed also in Figure 3-21. 
 
 









Figure 3-23 Effect of pile-to-pile spacing on the group efficiency of the 4×4 pile group 
(Lp = 16 m and Bp = 0.4 m, with Lp/Bp = 40). 
3.6 Summary and Conclusions 
This chapter presented a method for the analysis of single piles and pile groups 
under lateral loading. The method is based on a formulation of the displacement field that 
ties the displacement within a soil mass to the displacements of the pile(s) and relies on 
application of the principle of virtual work and calculus of variations to this displacement 
field formulation. One of the key advantages of this method is that it allows use of any 
constitutive model, being based on the principle of virtual work and not relying on the 
superposition principle or any elasticity-bound concept, so the analysis can be extended 
to simple nonlinear elastic models or even to full-blown, realistic constitutive models. 
The method produces results that compare well with finite element predictions. 
The effort involved in preparing and performing an analysis is minimal compared to that 







preparing efficiency plots for pile groups considering typical soil modulus profiles. These 
plots can be used, given the lateral load capacity of a single pile (which may be obtained 








CHAPTER 4. A MULTIDIRECTIONAL SEMI-ANALYTICAL METHOD FOR 
ANALYSIS OF LATERALLY LOADED PILE GROUPS IN MULTI-LAYERED 
ELASTIC STRATA 
4.1 Introduction 
The chapter presents a semi-analytical method for analysis of laterally-loaded 
single piles and pile groups with piles of different shapes in multi-layered, elastic soil 
media. The method takes into account displacement field with nonzero components along 
the loading direction and perpendicular to the loading direction on the x-y plane. The 
method uses the principle of virtual work and calculus of variation to derive the 
governing differential equations for the pile and the soil. The differential equation for the 
pile is solved analytically, whereas the differential equation associated with the soil 
displacement is solved numerically using finite difference method. The method has the 
flexibility to implement more realistic constitutive models.  
4.2 Theoretical Framework  
4.2.1 Problem definition 
The current study is about the analysis of laterally loaded single piles and pile 
groups embedded in multi-layer soil profiles. It is assumed that the piles and soil layers 







that no separation/sliding takes place between soil and piles during the lateral loading. 
The piles are prismatic and they can have any shape of cross section such as circular and 
rectangular cross sections. The soil profile consists of ntotal layers, where nab layers are 
located above the pile base. The loading can be applied by either known displacement or 
known force at the head of the piles and the pile head can be either free or fixed to 
rotation. Figure 4-1 illustrates the problem that is taken into account in the current study.  
EQUATION CHAPTER (NEXT) SECTION 1 
 
Figure 4-1 Laterally loaded piles embedded in a multi-layered soil profile: a) single piles 
and b) pile group. 
4.2.2 Displacement field 
Displacement in a pile-soil domain is directly influenced by the pile deflection, 
such that greater displacement takes place near the pile and less displacement takes place 
far from the pile. The displacement magnitude attenuates as the distance from the pile 
increases until it reaches zero at boundaries of the soil domain. The displacement vector 
{ , , }x y zu u uu in Cartesian coordinate system can be decomposed on three directions 







or at the center of the pile cap (for pile group). The x axis is along the loading direction, y 
axis perpendicular to the loading direction, and z axis along the pile axis pointing 
downward. Anywhere in the soil domain, 
xu  is the largest component of the displacement 
vector, whereas yu is the intermediate component and zu is the smallest component that 
can be neglected. The remaining components can be expressed as a summation of product 
of pile deflections ( )xiw z and the associated decay functions denoted by ( , )if x y and 
( , )ig x y as shown in the following: 
1
1
( ) ( , )











u w z f x y








          (4.1)
 The decay function ( , )if x y attenuates the pile i displacement over the soil 
domain; it is equal to 1 at the pile domain and reaches to zero at the boundaries of soil 
domain. The decay function ( , )ig x y  transfers the contribution of the pile displacement to 
the second component of displacement vector anywhere in the domain. It is set to be zero 
at the pile domain, since there is no displacement in the y direction at the boundaries of 
the pile when the pile is loaded along the x direction and it reaches to zero at the 
boundaries of the soil domain.  
4.3 Stress-Strain Relations 
The infinitesimal strain field that is positive in compression and negative in 
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  (4.3) 
 
In this paper, we assume the soil and pile as linear elastic materials. This 
assumption may not be realistic in practice, but for small pile deflections, it can provide 
valuable information about the response of the pile and the surrounding soil. The linear 
elastic stress-strain relations are given by the Hook’s law as: 
2 ( 2 / 3 )kl s kl s s mm klG K G             (4.4) 
where sG  and sK denote the shear and bulk moduli of the soil, respectively. 
4.3.1 Principle of virtual work 
The virtual strain energy density for the proposed displacement field is expressed 
as: 
2 2 2kl kl xx xx yy yy xy xy xz xz yz yz                    (4.5) 
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     (4.6) 
where iF  and iM are the external lateral force and bending moment applied on the head 
of pile i. 
Substituting the virtual strain energy density in equation (4.6) follows: 
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that is satisfied when each term is equal to zero. Therefore, terms containing
xiw , if , 
and 
ig  must be collected separately and set equal to zero to find the unknown functions 
( )xiw z , ( , )if x y , and ( , )ig x y . 







( 2 / 3 ) 4 / 3





L jxi xi i
i i s s xj xi
j
j ji i
s s xj xi s s xj xi
j j ji i i
s s xj xi s xj xi
fd w d w f
E I dz G K w w
dz dz x x
g gf g
K G w w G K w w
y x y y
f f gg f g
K G w w G w w





     
    
    
  
   
   
     
     












G f f G g g dxdydz











   
     
    
 
   
 
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For multi-layer soil profile, equation (4.9) can be split for every layer k and then 
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where nab is the number of layers above the pile base, and ntotal is the total number of 
layers.  
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In order to satisfy equation (4.11), which includes terms with ( ) 0xi xiA w w  , 
either ( )xiA w must be zero, or 0xiw   must be met. ( ) 0xiA w   is valid when ( )xiw z is 
unknown and the ( ) 0xiw z   is satisfied when ( )xiw z is known at a specific 
depth/boundary. The differential equations and the boundary conditions that govern the 
pile lateral displacement are obtained once these requirements are met. The governing 
differential equation, or Euler-Lagrange condition, at the k
th
 layer is: 
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for z > Lp. 
As shown in equations (4.14) and (4.15), the coefficients of governing differential 
equations vary with depth. However, for linear elastic soil, one can assume that the soil 
mechanical properties do not vary with depth. Therefore, coefficients ,z kt and ,z kk  for 
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for z > Lp, which are ordinary differential equations with constant coefficients.  
From equation (4.11), we can extract the boundary conditions for the i
th
 pile at 
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At z = Hk = Lp: 
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for a fixed pile base. 
At z = Hk > Lp and k < ntotal:  
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Finally, at infinite depth 
total
 nz H , , 0xi kw  . 
Collecting the terms containing ( , )if x y  in equation (4.7) leads to: 
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The differential equation that describes the decay function follows: 
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with boundary conditions: 
1 at pile 
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which implies that the magnitude of the decay function ( , )if x y associated with the i
th
 pile 
is 1 within the cross section of pile i and zero within the cross section of all the other 
piles. Additionally, at infinity ( x or y  ), it also tends to zero.  
Collecting the terms containing ( , )ig x y  in equation (4.7) leads to: 
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The differential equation that describes the decay function follows: 
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with boundary conditions: 
0 at pile 
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pile is 0 within the cross section of pile i and zero within the cross section of all the other 
piles. Additionally, at infinity ( x or y  ), it also tends to zero.  
Equations (4.31) and (4.36) are systems of coupled partial differential equations 
that needs to be solved numerically along with the analytical solutions of equations (4.16) 
and (4.17) to derive the responses of the pile and the displacement field in the soil. 




1 2 2 3
2 2
2 2 2





xy xy xy xy xyi i i
ii ii ii ii ii i
n
j j jxy xy xy xy xy
ij ij ij ij ij j
j j i
f f g
t t t t k f
x y x y
f f g
t t t t k f
x y x y 
  
    
   
    
       
     






2 1 2 3
2 2
2 2 2





xy xy xy xy xyi i i
ii ii ii ii ii i
n
j j jxy xy xy xy xy
ij ij ij ij ij j
j j i
g g f
t t t t k g
x y x y
g g f
t t t t k g
x y x y 
  
    
   
   
      
     

    (4.39) 
allows us to more clearly separate the physical effects that the analysis represents. The 
fourth term of the left side of equations (4.38) and (4.39) includes the effect of the other 
piles in the group on the contribution of pile i to the displacement field (as represented by 
fi and gi) in the soil domain. This coupling was unnecessary because the most important 
coupling between the piles in the group is captured by equations (4.16) and (4.17). 
Additionally, because the values of the coefficients of equations (4.38) and (4.39) are 
within a narrow range for all piles, consideration of that term can produce an ill-
conditioned coefficient matrix for large groups. A simplifying assumption that eliminates 








left side of equations (4.38) and (4.39), which leaves us with the following equations to 
describe the effect of any pile in the group on the surrounding soil: 
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     (4.41) 
Equations (4.40)and (4.41) form a coupled system of partial differential equation 
for every pile i in the pile group that need to be solved simultaneously. 
4.3.2 Analytical solution for pile deflection  
The eigenvalue method is used to solve the ordinary differential equations that 
govern the pile deflections. Equation (4.16) is a fourth-order ODE for every layer above 
the pile base, and equation (4.17) is a second-order ODE for every layer below the pile 
base. The 4
th
-order ODE for a layer k above the pile base can be expressed in a matrix 
form: 
k k
Aω ω           (4.42) 
where: 
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A     (4.46) 
where ij is the Kronecker’s delta that is equal to 1 when i = j and zero otherwise. 









ω v           (4.47) 
where ic  are arbitrary coefficient that are determined by applying the boundary 
conditions at the interfaces of layer k, i  and iv are the i
th
 eigenvalue and eigenvector of 
the coefficient matrix A , respectively. 
Below the pile base, we can rewrite equation (4.17) for the k
th
 layer as: 
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To form an equation similar to equation (4.42), we can write: 
 Tw Kw           (4.53) 
or 
  -1w T Kw Ψw          (4.54) 
Now we have the following relationship: 
k k
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where: 
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where 
ic  are arbitrary coefficient, i  and iv are the i
th
 eigenvalue and eigenvector of the 
coefficient matrix B , respectively. 
It should be noted that the solution vectors 
kω  and kξ can be complex vectors. We 
take only the real part of these vectors in the solution. 
4.3.3 Numerical solution for the decay functions 
The decay function differential equation can be solved numerically using finite 
difference method. Unequal spacing is used in discretizing the domain to reduce the 
computation time (see Appendix 2-A). The discretized form of the equation (4.40), using 
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Reordering and simplification of (4.61) produces: 
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The discretized form of equation (4.41), using central difference, governing the 
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4.3.4 Solution algorithm 
With the formulation of the boundary-value problem complete, we turn to the 
algorithm to perform the calculations, which is shown in Figure 4-2. The algorithm is 
based on feedback between the piles and the soil. The soil stiffness results from the 
pattern of deformation in the soil determined by the decay functions ( , )if x y and 





that appear in the coefficients of the pile differential equations. Once the new pile 
displacement profiles are obtained by solution of the system of the pile differential 








, which appear in the differential equations 
for the decay functions, can be calculated, allowing new estimates of the decay functions 
to be calculated and the cycle to restart. This process continues until convergence is 
achieved. 





layer; the pile deflections and their derivatives are then solved for using equations (4.16) 

















calculation of the decay functions (equations (4.40) and (4.41)) and their partial 
derivatives. In the subsequent iteration, the values of the decay functions and their partial 





 for each layer and the pile deflections in the current step. These steps 
are repeated until convergence, which is checked by comparing the current values of 
deflection, rotation, shear force, and bending moment of each pile at the pile head with 
values at the previous step and by enforcing a difference less than the tolerance tol, for 
which a value of 10
-3 
was found to be sufficient. This check also ensured convergence of 










Figure 4-2 Algorithm for solving the laterally loaded pile-group boundary-value problem. 
The method developed in this paper is a modified version of the semi-analytical 
method presented in Chapter 2 in which only the soil displacement along the loading 
direction was taken into account. The method presented in this paper is referred in the 
rest of the paper as multidirectional semi-analytical method (MSAM), while the one 
presented in Chapter 2 is referred as unidirectional semi-analytical method (USAM) that 








4.4 Results and Discussion 
4.4.1 Grid size evaluation 
The soil-pile domain in the x-y plane was discretized with a rectangular grid to facilitate 
solving the partial differential equations (PDEs) for the decay functions using finite 
difference method. To increase the accuracy of the solution, it is necessary to have a fine 
mesh, in particular around a pile domain; however, it is equally important to keep the 
computational effort reasonably low. A biased grid as was used to meet the two 
objectives outlined. More details regarding the grid size evaluation can be found in 
chapter 2. 
4.4.2 Validation 
The performances of MSAM and USAM are compared by analyzing single piles 
and pile groups of different cross-sectional shapes and length embedded in multilayered 
soil profile subjected to a 10-mm lateral displacement (see Figure 4-3). The results are 










Figure 4-3 Soil profile for analysis of laterally loaded piles with MSAM and FEM. 
As shown in Figure 4-3, the multilayered soil profile is composed of five layers 
with the following elastic properties: Es1 = 10 MPa and s1 = 0.35 for layer 1, Es2 =20 
MPa and s2 = 0.25 for layer 2, Es3 =60 MPa and s3 = 0.15 for layer 3, Es4 =30 MPa and 
s3 = 0.35 for layer 4 and Es5 =100 MPa and s5 = 0.15 for layer 5. Layer 1 is 2 m thick, 
layer 2 is 3 m thick, layer 3 is 2 m thick, and layer 4 is 6 m thick underlain by layer 5 that 
extends down to deepest analyzed zone. All the piles analyzed have the elastic modulus 
of Ep = 30 GPa. The spacing s is 3Bp for the analyzed pile groups. Details of the single 














Table 4-1 Properties of the single piles and pile groups with Ep = 30 GPa for numerical 
validation. 
Case # Pile group 
Shape of pile 
cross-section 






1 1×1 Circular - 0.4 10 - 
2 1×1 Square 0.35×0.35 - 10 - 
3 1×3 Circular - 1.0 5 3Bp 
4 1×3 Circular - 1.0 20 3Bp 
5 2×1 Rectangular 0.6×0.4  15 3Wp 
6 2×4 Circular - 0.5 20 3Bp 
7 3×3 Circular - 0.4 20 3Bp 
 
In order to simulate a rigid pile cap, all pile heads are fixed against rotation while 
they undergo a wx = 10 mm lateral head deflection, which are the boundary conditions 
that must be satisfied by equations (4.16) and (4.17). The height and width of the cubic 
soil domain are equal to 100Bp for circular and square piles (Bp = Wp = Hp) and 100Hp 
and 100Wp, respectively, for rectangular piles. The depth of the soil profile is 20m for the 
short piles of case #3 (see Table 4-1) and 40 m for all other cases.  
The semi-analytical analyses were performed with a Visual C# code (Microsoft 
Visual Studio Professional 2012 ) running on a desktop computer with 2 Intel Quad 2.66-
GHz processors and 4-GB RAM. The finite element analyses were performed with 
ABAQUS CAE (version 6.12-2) (ABAQUS 6.12-2, 2012) on a 24-core server with 48-








used for the FE analyses. The FE analyses relied on 20-noded brick elements with 
reduced integration points, with domains identical to those of the SAM analyses. The soil 
and piles were discretized using a structured mesh as shown in Figure 4-4.  
 
 
Figure 4-4 Structured mesh for single square pile under lateral loading. 
Free body cut tool in ABAQUS CAE was used to calculate the bending moment 
and shear force along piles by integrating the normal and shear stresses across cross-
sections of piles at various depths, respectively. As an illustration, Figure 4-5 shows a 
screenshot of the shear force and bending moment on the head of half-section square pile 










Figure 4-5 Free body cut method to calculate shear force and bending moment along piles. 
Figure 4-6 through Figure 4-21 show the results of analysis of piles presented in 
Table 4-1 for the soil profile shown in Figure 4-3. The figures show the profile of soil 
displacements at ground surface level along and perpendicular to the loading direction on 
the symmetry axes of the soil domain, and the displacement, bending moment and shear 













  (c)  
Figure 4-6 Soil and pile deflection properties due to 10 mm pile head deflection of a 
single circular pile: (a) lateral displacement on the ground surface, (b) lateral 












  (c)  
Figure 4-7 Soil and pile deflection properties due to10 mm pile head deflection of a 
single square pile: (a) lateral displacement on the ground surface, (b) lateral displacement 











Figure 4-8 Lateral displacement of the ground surface due to 10 mm deflection of a short 
1×3 pile group. 
  
(a) (b) 











  (c) (d) 
Figure 4-10 Bending moment along the (a) corner pile and (b) center pile in the short 1×3 











Figure 4-11 Lateral displacement of the ground surface due to 10 mm deflection of a long 
1×3 pile group. 
  
(a) (b) 









  (a) (b) 
  (c) (d) 
Figure 4-13 Bending moment along the (a) corner pile and (b) center pile in the long 1×3 












  (c)  
Figure 4-14 Soil and pile deflection properties due to10 mm pile head deflection of a 2×1 
rectangular pile group: (a) lateral displacement on the ground surface, (b) lateral 

























  (a) (b) 
  (c) (d) 
Figure 4-17 Bending moment and shear force along piles in a 2×4 pile group: (a) bending 
moment along the corner pile and (b) bending moment along the center pile, (c) shear 
























Figure 4-19 Deflection of the (a) corner pile, (b) edge pile on the x axis, (c) edge pile on 
the y axis and (d) the center pile in a 3×3 pile group. 
 










Figure 4-20 Bending moment along the (a) corner pile, (b) edge pile on the x axis, (c) 
edge pile on the y axis and (d) the center pile in a 3×3 pile group. 
 








  (c) (d) 
Figure 4-21 Shear force along the (a) corner pile, (b) edge pile on the x axis, (c) edge pile 
on the y axis and (d) center pile in a 3×3 pile group. 
Figure 4-6 to Figure 4-21 show that, comparing to USAM, the results from 
MSAM is closer to results of FEM analyses showing the effect of considering the soil 
displacement perpendicular to the loading direction on softening the response of soil and 
piles. It is also shown in Figure 4-6 to Figure 4-21 that both MSAM and USAM 
successfully work for piles with different shape of cross-sections and their results are in a 
good agreement with those from the finite element method. Case 1 and case 2 presented 
in Table 4-1 consist of piles with different cross-sectional shapes but with the same 
flexural rigidity (EpIp); results presented in Figure 4-6 to Figure 4-7 show that the piles 
with the same flexural rigidities essentially show a similar response under lateral loading, 
a fact that is widely accepted in practice. It is shown in Figure 4-8 to Figure 4-10, both 
MSAM and USAM work well in predicting the response of pile and soil for laterally 
loaded “short” piles, for which displacements, rotations and internal forces do not 








at the location of layer interfaces, which is due to a transition from a layer with larger 
shear modulus to one with lower shear modulus. The difference in the shear resistance of 
soil layers is absorbed by the piles and is reflected in their shear force responses. These 
obvious discontinuities are not seen very clearly in the FEM results, since in the FEM 
results, variable interpolations are used to calculate the shear stresses and hence shear 
forces along piles. 
A summary of the computational effort of FEM and SAMs for the analyzed cases 
is presented in Table 4-2. As shown in Table 4-2, for the same number of surface nodes, 
MSAM requires more computational effort than does USAM; however the computational 
















































1 1×1 Circular 256640 1692 3721 15.13 3721 6.02 








494370 2516 4941 41.54 4941 13.40 
5 2×1 Rectangular 419680 1443 4331 25.01 4331 6.99 
6 2×4 Circular 397120 2454 6336 76.31 6336 15.46 
7 3×3 Circular 249120 1848 6561 110.4 6561 33.32 
 
MSAM and USAM were used to calculate the deflection of a free-headed 15-m 
drilled shaft (Ep = 24 GPa) with a diameter of 0.6 m under 300 kN lateral loading. The 
soil profile consists of four layers of soil with Es1 = 20 MPa, νs1 = 0.35 and thickness of 2 
m for layer 1; Es2 = 35 MPa, νs2 = 0.25 and thickness of 3 m for layer 2; Es3 = 50 MPa, νs3 








deep zones for layer 4. The results are compared in Figure 4-22 with the deflection 
predicted by FEM and solutions proposed by Basu et al (2009) and Sun (1994). 
 
 
Figure 4-22 Deflection of a 15m drilled shaft. 
As shown in Figure 4-22, results of MSAM and Basu et al (2009) are very similar 
and in a good agreement with the FEM, such that the maximum deflections predicted by 
MSAM and Basu et al (2009) are 7% and 9.6% less than that of the FEM, respectively. 
The maximum deflection calculated by USAM is 18.1% less than that of the FEM, 
whereas the maximum deflection calculated using the solution of Sun (1994) is 29.7% 
less than that of the FEM.  
The developed method is compared with the elastic solution proposed by 
Randolph (1981) for analysis of model pile group tests reported by Williams (1979). 
Tests were performed on 1×2 and 1×3 pile groups consisting of tubular aluminum piles 








modulus of Ep = 37.5 GPa. The piles were embedded to a depth of 200mm in a dense 
sand sample. The lateral load was applied 125 mm above the soil surface. For the test 
sand, Randolph (1981) back-calculated the shear modulus of Gs= 0.01z (z is the depth of 
soil sample) and assumed that Poisson’s ratio was equal to νs = 0.2.  
Figure 4-23 shows the comparison between the group efficiencies (equation 3.56) 
reported by Randolph (1981) and Williams (1979) and the those from MSAM. The group 
efficiency calculated by MSAM is slightly lower than what was calculated by Randolph 
(1981) and both are lower than the experimental results. It is noted that Randolph (1981) 
modified the shear modulus of the soil to G
*
s = Gs (1+3/4νs) and took the modified 
Poisson’s ratio zero.  
 
  (a) (b) 
Figure 4-23 Group efficiencies of model piles embedded in sand: (a) 1×2 pile group and 








4.4.3 Practical Implications 
The developed method can be used to produce group efficiency charts that can be 
used in practice to estimate the lateral capacity of pile groups. In this section we examine 
the effect pile spacing and the thickness of layers with different stiffness on the group 
efficiency of pile groups embedded in a two-layered soil profiles. The pile heads are 
restrained against rotation to emulate a rigid pile cap. As shown in Figure 4-24, the soil 
profile consists of a very soft layer with Es = 5 MPa and νs = 0.35 and a stiff layer with Es 
= 100 MPa and νs = 0.12. The effect of the order of stiff and soft layers on the efficiency 
of 3×3 pile groups with different pile-to-pile spacings is investigated. The thickness of 
the top soil layer varies between 2 and 8 m. The pile groups consist of 10-m long piles 
with diameter of 0.5 m. The Young’s modulus of the piles is equal to Ep = 30 GPa. 
 
 
Figure 4-24 Soil profile and pile head condition for assessing the effect of number of 








Figure 4-25 show the group efficiency as a function of pile spacing for a 3×3 pile 
















Figure 4-25 Effect of pile-to-pile spacing on group efficiency of a 3×3 pile group 
embedded in soft-over-stiff and stiff-over-soft layered soil profiles: (a) H1 = 2 m, (b) H2 = 
5 m and (c) H1 = 8 m. 
Figure 4-25 shows that group efficiency increases with increasing pile-to-pile 
spacings. Figure 4-25(a) through Figure 4-25(c) show that for the analyzed pile group, 
the group efficiency for the case of soft-over-stiff layers is more than the group efficiency 
for the case of stiff-over-soft layers. It is also shown in Figure 4-25(a) through Figure 
4-25(c) that there is a significant difference between the group efficiency of the piles 
embedded in the soft-over-stiff and stiff-over-soft layered soil profile when the thickness 
of the top layer is small. As the thickness of the top layer increases, the difference 
between the group efficiencies for two types of soil profiles decreases.  It is also seen that 
for the case of soft-over-stiff layered soil profile the group efficiency converge to the 
unity for pile-to-pile spacing of 10Bp, whereas for the case of stiff-over-soft layered soil 








4.5 Summary and Conclusions 
This chapter presented a semi-analytical method for the analysis of laterally 
loaded pile groups. The first step in this method was to find a displacement field that 
could relate the soil displacement to the pile deflection. The soil and pile were assumed to 
behave as linear elastic materials. The principle of virtual work and calculus of variation 
were used to obtain the equations that governed the responses of piles and soil. The 
method produced promising results that were in a quite good agreement with finite 
element predictions. However, compared to finite element method, the proposed method 
required less amount of effort to produce the results.  
The applicability of the method was illustrated by preparing efficiency plots for 
pile groups and typical soil modulus profiles. These plots can be used, given the lateral 
load capacity of a single pile, which may be obtained from a pile load test, to produce an 









CHAPTER 5. EFFECT OF SURFACE ROUGHNESS ON THE SHAFT RESISTANCE 
AND SOIL PROPERTIES IN THE VICINITY OF NON-DISPLACEMENT PILES 
EMBEDDED IN SAND 
5.1 Introduction 
5.1.1 Non-displacement piles 
Non-displacement piles or drilled shafts, which are installed by replacing a 
column of soil with concrete, bring about small to negligible changes to the initial state of 
the surrounding soil (Salgado 2005). Several factors affect the value of the mobilized unit 
shaft resistance developed in non-displacement piles embedded in sand, such as the 
roughness of the pile-sand interface (Akgüner and Kirkit 2012; Fioravante 2002; Niazi 
and Mayne 2013) and the initial sand density and stress state (Gavin and Lehane 2003; 
Loukidis and Salgado 2008; Rollins et al. 2005). 
5.1.2 Pile Surface Roughness 
The roughness of the surface of a pile subjected to axial loading is an important 
factor that affects the response of the soil in the vicinity of the pile and thus the 
mobilization of the shaft resistance. Typically, surface roughness (Figure 5-1) is 
quantified by the normalized roughness ratio Rn, which is defined as the ratio of the 








trough of a surface over a length Lm equal to the mean diameter D50 of the sand, to the 
D50 of the soil (Rn = Rt/D50). 
 
Figure 5-1 Definition of the maximum roughness Rt and the normalized roughness Rn. 
Table 5-1 summarizes the roughness of model piles used in recent studies of non-
displacement and displacement piles. 

































Rn = Rt/D50 
Lehane et 
al. (1993) 























































*Estimated based on the centerline average roughness 
**Fine-grained sand with sub-angular to angular particles 
 
Centrifuge tests performed by Fioravante (2002) on non-displacement model piles 
in sand showed that the maximum unit shaft resistance depends on the radial effective 
stress, the sand density and the pile surface roughness. Fioravante (2002) suggested that 
the extent of the zone of the soil surrounding the pile that affects the process of 








Fioravante (2002) showed that, based on centrifuge tests on model piles, a smooth pile-
soil interface (Rn < 0.02) leads to smaller unit shaft resistance, irrespective of the initial 
state of the soil, than a rough pile-soil interface (Rn > 0.1). Fioravante and Guerra (2010) 
reported that, for Rn > 0.2, shearing does not take place along the soil-pile interface but 
within the soil next to the pile, indicating that the characteristics of the soil-pile interface 
do not control the mobilization of shaft resistance, which is instead controlled by the 
shear strength of the soil. 
5.1.3 Shear band 
A shear band is a narrow zone in which large shear strain localizes. In axially 
loaded piles, this localization takes place along the pile shaft (Fioravante 2002; Loukidis 
and Salgado 2008). The formation and evolution of shear bands and their effect on the 
response of axially loaded piles have been investigated by many researchers over the 
years (e.g., Bardet and Proubet 1992; Lehane et al. 1993; Mar and Pel 2009; Oda and 
Kazama 1998; Tsuha et al. 2012; Zhu et al. 2010). The thickness of a shear band ts has 
typically been determined qualitatively by observing where relatively large displacement 
of particles take place (Desrues and Viggiani 2004; Mooney 1996, Uesugi and Kishida 
1987; Viggiani et al. 1997). Uesugi et al. (1988) used a simple shear apparatus equipped 
with a glass window to observe particle movement near a soil-steel interface. For rough 
interfaces, much larger deformation was observed within a shear zone adjacent to the 
interface than in zones away from the interface. Using a modified distinct element 
method, Iwashita and Oda (1998) did biaxial compression simulations under plane-strain 








band, which has a larger void ratio than the surrounding soil. The thickness of shear band 
has been reported to range from 5 to 20 times the mean particle diameter D50 (Oda and 
Kazama 1998; Uesugi et al. 1988; Vardoulakis and Aifantis 1991).  
The formation of a shear band next to a pile depends on the roughness of the pile 
surface (Uesugi et al., 1988). Sand particles slide, roll and tend to move away from a 
rough surface (dilation), but tend to slide along a smooth surface without significant 
rolling and deformation (Uesugi and Kishida 1987; Uesugi et al. 1988). Therefore, 
thicker shear bands tend to form when the soil-pile interface is rough (Uesugi et al., 
1988). Using digital image analysis, Alshibli and Sture (1999) performed plane strain 
compression tests on sand specimens to quantify the thickness of the shear band. The 
shear band thickness was determined by two approaches. In the first approach, the 
movement of a grid printed on the sample membrane, as shown in Figure 5-2, was 
closely observed, and the relative displacements of each node with respect to the node 
just above it (say, nodes i+1 and i in the figure) calculated. The nodes were then divided 
into two groups: nodes with negligible relative displacement, which were assumed to be 
within moving “rigid” blocks on either side of the shear band (blocks A and B in Figure 
5-2), and nodes with large relative displacements, which were assumed to be located 
within the shear band. The Cartesian coordinates of every node was then rotated, with the 
transformed x and y axes being parallel to and perpendicular to the shear band axis, 
respectively. The distance in the y' direction between the closest nodes to the shear band 
with negligible relative displacement was taken as the thickness of the shear band. In the 
second approach, Alshibli and Sture (1999) calculated the thickness of the shear band by 








impregnated by epoxy. Alshibli and Sture (1999) showed that for sand particles with 
mean diameter D50 = 0.22, 0.55 and 1.6 mm, the normalized thickness ts/D50 of shear the 
band fell within the ranges of 13.2-13.9,11-11.8 and 10.6-10.9, respectively. Alshibli and 
Sture (1999) found that ts/D50 increases as the sand particle size decreases, sand density 
increases and the effective confining stress decreases. Viggiani et al. (1997) found that 
the shear band thickness generally increases in the course of a plane-strain compression 
test on a sand sample. 
 
 
Figure 5-2 Square-pattern grid printed on the membrane of sample under shear failure 
(modified after Alshibli and Sture (1999)). 
As observed by Desrues and Viggiani (2004), in the case of dense sands, the sand 
within the shear band dilates, becoming much looser than the sand outside the shear band. 
The volumetric strain within the shear band then tends to a limit value when the sand 








5.1.4 Digital image correlation 
Digital Image Correlation (DIC) is a visual characterization tool that was first 
developed to measure the deformation of solid structures (Peters and Ranson, 1982). A 
sequence of digital images are taken from a body undergoing deformation that are then 
processed using a correlation scheme to produce the displacement and strain fields within 
the deformed body. The DIC technique has been used in combination with direct shear 
tests (Guler et al. 1999), soil-structure interface tests (Zhang and Zhang 2009; Zhang et al. 
2006) and centrifuge tests (Liu 2010; Zhang et al. 2009). White and Bolton (2004) 
performed a series of plane-strain chamber tests using Particle Image Velocimetry (PIV), 
which is based on the same principles as the DIC, to study the displacement field around 
the tip of displacement piles in sand. Most recently, Arshad et al. (2014) used the DIC 
technique to obtain the soil displacement field during cone penetration under 
axisymmetric conditions in uniform sand. 
5.1.5 Present work 
This study presents the results of  axial load tests performed on model non-
displacement (pre-installed) piles embedded in uniform silica sand samples prepared in a 
large-scale DIC chamber. The objetive of this chapter is to study the effect of the surface 
roughness of a pile shaft and the sand relative density on the shaft resistance of model 
piles, and the displacement and deformation of the sand particles surrounding the shaft of 
the model piles during axial loading. The DIC technique is used to capture the 
displacement and deformation of the soil next to the non-displacement model piles and to 








5.2 Test Setup and Material 
5.2.1 Testing equipment 
The load tests were performed in a testing facility located at the Bowen 
Laboratory at Purdue University. The testing equipment used in this research consists of a 
half-circular steel chamber with a diameter of 1680 mm and height of 1200 mm (Figure 
5-3), a sand pluviator, a loading system, a reaction frame, and 900-mm-long model 
square piles made of aluminum with width Bp = 25.4 mm. 
 
 
Figure 5-3 Half-circular DIC chamber. 
The front wall of the half-circular DIC chamber is composed of a 76.2-mm-thick 
Plexiglass sheet that is reinforced by a steel frame that contains three observation 
windows. These observation windows allow imaging of the model piles and the 








covers the Plexiglass to reduce friction that would develop between the Plexiglass and 
sand particles during a test and to prevent scratching of the Plexiglass.  
In calibration chamber testing, the initial state of the soil is known; however, the 
effect of the chamber boundaries on model piles must be considered in the interpretation 
of results for small chambers (Ghionna and Jamiolkowski 1991; Salgado et al. 1998). The 
boundary effects can be reduced by choosing an appropriate chamber-to-pile diameter 
ratio (Salgado 2012). For the present study a ratio of Dc/Bp ≈ 66.1 was considered 
sufficient to minimize the effect of the chamber boundaries on the tests while allowing 
preparation of manageably large samples. The model pile width was chosen so that the 
pile width-to-D50 ratio of the test sands (≈ 37.4) remained greater than 20 to avoid scale 
effects (Gui and Bolton 1998; Salgado 2013).  
The model pile was instrumented with 8 pairs of electrical resistance strain gauges 
to capture the response of the pile shaft during loading. Figure 5-4 shows a schematic of 










Figure 5-4 Schematic of the strain gauges installed on the model pile. 
A removable loading system with 50 kN capacity was used to apply axial load on 
the pre-installed model pile embedded in sand samples A 20-kN tension-compression 
load cell embedded between the loading jack and the head of the pile measured the axial 
load during loading. 
A half-circular, air-rubber bladder was used to apply a 50-kPa surcharge pressure 
on the top surface of the soil sample. A half-circular steel plate was placed below the 
rubber bladder to ensure uniform stress application on the top of the sample. A reaction 
steel lid was bolted on the top of the chamber to constrain the air bladder. The air 
pressure, which was applied using a pressure control arrangement, was monitored 








5.2.2 Image and data acquisition system 
A digital image acquisition system consisting of three Complementary Metal-
Oxide-Semiconductor (CMOS), machine-vision digital cameras with 5 Mega Pixel (MP) 
resolution was used to record the images during pile axial loading.. The cameras were 
equipped with high-resolution and low-distortion lenses of 12.5 mm fixed focal length. 
Images were taken at 2 frames per second (fps). The sensors used for measuring the axial 
force and shaft resistance during the pile loading were connected to a separate data 
acquisition system.  
5.2.3 Test Sand 
The test sand (Ohio Gold Frac sand), which is mined from the Sharon 
Conglomerate formation in Thompson, Ohio, is a coarse-grained silica sand (SiO2 = 
99.7%) with sub-rounded particles (Figure 5-5). It is classified as poorly graded (SP) 
sand according to the Unified Classification System (ASTM D2487), with D50 = 0.65 
mm, Gs = 2.65 (ASTM D854), Cu = 1.07 and Cc = 0.96 (Figure 5-6). The maximum void 
ratio emax and minimum void ratio emin of the test sand are 0.853 and 0.537, respectively 










Figure 5-5 Microscopic image of the Ohio Gold Frac sand particles. 
 
 
Figure 5-6 Particle size distribution for Ohio Gold Frac sand. 
Based on the results of one-dimensional compression tests performed on very 
dense samples (DR  = 85%) with normal stresses of up to 10 MPa, the relative breakage Br 
defined by Hardin (1985) was determined to be 2.56% for the Ohio Gold Frac sand 








to 36.7˚ based on results of direct shear tests performed (according to ASTM D3080) on 
three sand samples with relative densities of 38.7%, 61.6% and 40.1% subjected to 
normal stresses σn0 = 25, 50 and 100 kPa, respectively (Figure 5-7). Figure 5-8 shows the 
results of sand-glass interface direct shear tests performed on Ohio Gold Frac silica sand 
samples prepared at relative densities of 88.7%, 74.7% and 87.0% subjected to normal 
stresses σn0 = 25, 50 and 100 kPa, respectively. The sand-glass interface friction angle is 
9.0˚. Figure 5-8 shows the results of aluminum-glass interface direct shear tests 
performed for normal stresses σn0 = 25, 50 and 100 kPa. The aluminum-glass interface 
friction angle is 12.8˚. Figure 5-7(a) and Figure 5-9(a) show that the response of the 
interfaces is almost rigid, perfectly plastic, with shear strength developing at very small 





Figure 5-7 Direct shear test results for Ohio Gold Frac sand: (a) shear stress versus 










Figure 5-8 Direct shear test results for Ohio Gold Frac sand-glass interface: (a) shear 
stress versus horizontal displacement and (b) shear stress versus normal stress. 
  
(a) (b) 
Figure 5-9 Direct shear test results for aluminum-glass interface: (a) shear stress versus 
horizontal displacement and (b) shear stress versus normal stress. 
Figure 5-10 through Figure 5-12 show the results of direct shear tests performed 








#50, which have Rn = 0.03, 0.26, and 1.14, respectively (these were used in the model 
pile tests as well). Critical-state friction angles of 19.7˚, 28.4˚ and 31.1˚ were measured 
for these interfaces. As the results of these interface tests demonstrate, the rougher the 
surface interfacing with sand, the larger the shaft resistance that can be mobilized during 




Figure 5-10 Direct shear test results for aluminum-sand interface: (a) shear stress versus 











Figure 5-11 Direct shear test results for #120 sand paper-sand interface: (a) shear stress 




Figure 5-12 Direct shear test results for #50 sand paper-sand interface: (a) shear stress 








5.2.4 Digital image correlation  
The digital image correlation software VIC-2D (Correlated Solutions 2009) was 
used for processing the images taken during model pile loading. More details about the 
DIC technique can be found in Arshad et al. (2014). The displacement field obtained 
from the image correlation is in pixel coordinates (image space) that needs to be 
converted to the physical coordinates (object space), which is done through a  camera 
calibration (White et al. 2003). In this study, a set of 45 image control points with known 
coordinates were printed on the inner surface of the glass which was in a direct contact 
with the Plexiglass. These control points were then used to obtain calibration parameters 
using the calibration toolbox in VIC-2D. A linear fit to the image-to-object scale was 
derived by minimizing the standard deviation of the projection error (Heikkila and 
Silven, 1997).  
5.3 Experimental Program 
5.3.1 Test matrix 
Six pile load tests were performed in the DIC chamber in medium dense and 
dense sand samples subjected to a surcharge of 50 kPa. The effect of the pile surface 
roughness was assessed by attaching sand papers of different surface roughness to the 

















Rn = Rt/D50 
Relative density DR (%) 
1 0.03 (Al) 87.3 
2 0.26 (#120) 88.2 
3 1.14 (#50) 86.0 
4 0.03 (Al) 66.3 
5 0.26 (#120) 63.1 
6 1.14 (#50) 64.9 
*
Aluminum (Al) and sand paper #120 and #50 
 
5.3.2 Test Procedure  
The model pile was pre-installed in the calibration chamber before sample 
preparation. The embedment depth of the pile was 570 mm (22.45Bp). The pile was 
maintained inside the chamber and against the plane of symmetry (chamber wall) using a 
series of turn-buckles that were placed between the pile and the opposite wall of the 
chamber. Medium dense and dense sand samples were prepared by air pluviation using a 
large pluviator (Lee 2008) placed above the DIC chamber at a fixed position (sand drop 
height > 500 mm). The target sample densities were achieved by changing the flow rate 
through addition or removal of diffuser sieves. The turn-buckles were removed gradually 
as the sample was prepared. For sample density and uniformity verification, nine 
miniature thin tube samplers with diameter equal to two inches were placed at different 








determine density locally. The variation in sample density was determined to be within 
±3-5%. The surcharge was applied gradually on top of the sample by inflating the half-
circular, air-rubber bladder using a laboratory air-pressure line.  
The model pile was loaded axially at a rate of ≈ 0.1 mm/s (6 mm/min) until it was 
pushed one pile width (25.4 mm) into the sand sample. Digital images were acquired 
simultaneously from three cameras during the loading process at a constant frame rate of 
2 fps (frame per second). The loading force Qt at the head of the pile was measured 
throughout the tests. Feedback from a load cell located at the chamber base (along the 
pile axis) was used for monitoring any possible base boundary effects on measurements. 
5.4 Results and Discussion 
5.4.1 Shear resistance 
Figure 5-13(a) shows the load carried by the shaft of the model piles with 
different shaft surface roughness, embedded in dense and medium dense sand samples, 
during axial loading. Figure 5-13(b) illustrates the effect of pile surface roughness on the 













Figure 5-13 Effect of surface roughness and soil density on shaft capacity of the pre-
installed model piles: a) shaft resistance versus pile head settlement and b) average limit 
shaft resistance versus pile surface roughness. 
As shown in Figure 5-13(a), the shaft resistance of the piles, in general, increases 
with pile settlement until it reaches a steady state. Figure 5-13(a) shows that the limit 








in Figure 5-13(a), the shaft resistance increases as the roughness of the pile shaft 
increases. Also, as expected, the relative density of the sand samples has a significant 
positive effect on the shaft resistance of the piles. Figure 5-13(b) indicates that the effect 
of surface roughness on the average limit shaft resistance of model piles is more 
pronounced for the dense sand samples than for the medium dense sand samples. 
5.4.2 Soil displacement and deformation 
5.4.2.1 Spatial distribution of soil displacement and deformation 
Figure 5-14 shows the planar distribution of normalized horizontal displacement 
of dense and medium dense soil samples after 1Bp vertical pile displacement for piles 
with different surface roughness (Rn = 0.03, 0.26 and 1.14). In these plots, x/Bp is the 
normalized horizontal distance from the pile shaft (x/Bp = 0 at the pile shaft), and z/Bp is 
the normalized vertical distance from the soil surface. Since there is no significant motion 
in the soil beyond a horizontal distance of 3Bp from the pile shaft, results are shown only 
up to that distance. For all tests, the initial depth of the pile base with respect to the top of 
the sample is zb = 22.45Bp (570 mm).  
As shown in Figure 5-14(a) and (d), smooth piles do not generate appreciable 
horizontal displacements in the soil in either dense or medium dense sand samples. 
Figure 5-14(b), (c), (e) and (f) show that the soil next to the medium rough and rough 
piles embedded in the dense sand samples undergoes greater horizontal displacements 
than the soil next to the same piles in the medium dense sand samples. The extent of the 
zone within which the radial displacement exceeds 0.02Bp increases with increasing 








dense sand sample (DR = 88.2%), the zone with horizontal displacement greater than 
0.02Bp extends up to x = 1Bp (Figure 5-14(b)), whereas for the rough pile (Rn = 1.14) 
embedded in the dense sand sample (DR = 86%), this zone extends to x = 3Bp (Figure 
5-14(c)). Figure 5-14(e) and (f) show that, for the piles embedded in the medium dense 
samples, the maximum horizontal displacement of the soil within a zone extending to a 
horizontal distance of 3Bp from the pile shaft does not reach u = 0.02Bp. For all values of 
surface roughness, arching (increase of radial displacement, and thus of the load carried 
by the soil, with depth) is observed. 
 








  (b) (e) 
  (c) (f) 
Figure 5-14 Spatial distribution of normalized horizontal displacement for: (a) Test 1, (b) 
Test 2, (c) Test 3, (d) Test 4, (e) Test 5 and (f) Test 6. 
Figure 5-15 shows the distribution of the normalized vertical displacement around 
the pile after 1Bp settlement. As expected, the vertical displacement of the soil is 
negligible around smooth piles (Rn = 0.03) but appreciable (greater than 0.02Bp) around 
rough piles. As shown in Figure 5-15(b), (c), (e) and (f), as the pile roughness and soil 
density increase, a wider zone around the pile is affected by the pile displacement. Figure 








displacement greater than v = 0.02Bp) for the medium rough pile interface (Rn = 0.26) 
extends to x = 2.7Bp, whereas, for the rough pile interface, it extends to x = 4.0Bp. Figure 
5-15(e) and (f) show that for the medium dense sand, the influence zone next to the 
medium rough pile interface (Rn = 0.26) extends to x = 1Bp, whereas, for the rough pile 
interface, it extends to x = 1.7Bp. Again, arching is observed in most cases. 
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  (c) (f) 
Figure 5-15 Spatial distribution of vertical displacement for: (a) Test 1, (b) Test 2, (c) 
Test 3, (d) Test 4, (e) Test 5 and (f) Test 6. 
The planar distribution of the normal (Lagrangian) strain Exx is shown in Figure 
5-16.  








  (b) (e) 
  (c) (f) 
Figure 5-16 Spatial distribution of horizontal strain Exx for: (a) Test 1, (b) Test 2, (c) Test 
3, (d) Test 4, (e) Test 5 and (f) Test 6. 
 
For all cases in Figure 5-16, the normal strain is negative, an indication of the 
dilative response of both the dense and medium dense sand surrounding the smooth and 
rough piles. As shown in Figure 5-16(a) and (d), the normal strain around smooth piles is 
randomly distributed and ranges between 0 and -5%. For rough piles (Rn = 0.26 and 








response with normal tensile strain greater than 5%. The volume of soil experiencing in 
excess of 5% tensile strain is approximately the same for the rough piles in dense and 
medium dense sand samples. 
Figure 5-17 illustrates the planar distribution of shear strain Exz around the smooth 
and rough model piles embedded in dense and medium dense samples. A shear strain of 
5% in these contour plots was taken as reference for what would be considered large 
shear strains. As shown in Figure 5-17(a) and (d), for smooth piles (Rn = 0.03) in dense or 
medium dense sand samples, the shear strain is less than 5% in most of the soil domain, 
with local exceedance in very small areas next to the shaft. For piles of normalized 
roughness Rn = 0.26 and 1.14, the shear strain localization is such that the zone with shear 
strain exceeding 5% in the dense sand and medium dense sand samples extends radially 
up to 0.4Bp from the pile surface (see Figure 5-17(b), (c), (e) and (f)). Similarly to what 
was observed for normal strains, there is no significant difference between the extent of 
this zone for the rough piles embedded in the medium dense and dense sand samples. 
 








  (b) (e) 
  (c) (f) 
Figure 5-17 Spatial distribution of shear strain Exy for: (a) Test 1, (b) Test 2, (c) Test 3, 
(d) Test 4, (e) Test 5 and (f) Test 6. 
5.4.2.2 Soil displacement and deformation vs. horizontal distance from the pile shaft 
Figure 5-18 shows the soil displacement and deformation at a depth z = 14Bp 
along a line extending from the pile shaft to x = 6Bp after 1Bp of pile head settlement (w = 
1Bp) for piles with different surface roughness installed in dense and medium dense sand 








is neither affected by the boundary conditions on the soil surface nor by the soil 
displacement and deformation around the pile base (located at zb = 22.45Bp). 
Figure 5-18(a) and (b) show the normalized horizontal and vertical displacement 
of the soil at a depth z = 14Bp for tests 1 to 6. As shown in Figure 5-18 (a), for rough 
piles, maximum horizontal displacements of 0.028Bp and 0.011Bp are observed at x ≈ 1Bp 
away from the pile shaft for dense and medium dense sand samples, respectively. Figure 
5-18(a) and (b) also indicate that, as the soil density and pile roughness increases, the 













Figure 5-18 Soil displacement and deformation at a depth of 14Bp below the soil surface 
along a horizontal line extending from the pile shaft to 6Bp away from the pile axis: (a) 
normalized horizontal displacement, (b) normalized vertical displacement, (c) normal 
strain Exx and (d) shear strain Exz. 
In Figure 5-18(c) and (d), which show the normal and shear strains of the sand 
next to the model piles at a depth z = 14Bp, it is seen that there is an abrupt change in the 
normal and shear strains within a distance of approximately 0.8Bp from the surface of the 
piles. As in the case of the horizontal and vertical displacements, an increase in soil 
density and pile roughness produces an increase in the normal and shear strains in the 
sand in the vicinity of the pile. Negative normal strain near the shaft of the piles (Figure 
5-18(c)) indicates a dilative response of the sand in this region. 
5.4.3 Displacement and deformation of soil elements 
Figure 5-19 shows the displacement and deformation of soil elements at x = 








sand sample (DR = 87.3%). Figure 5-19(a) shows that the soil displacement is positive 
vertically and horizontally (downward and away from the pile surface) for soil elements 
at x = 0.07Bp, 0.32Bp and 0.57Bp away from the surface of the smooth pile; vertical and 
horizontal displacements increase with increasing pile head settlement. The soil element 
nearest to the pile surface (x = 0.07Bp) shows greater normalized vertical displacement 
than the soil elements farther from the pile surface. The horizontal displacements of soil 
elements increase as their distance from the pile surface increase. Figure 5-19(b) shows 
that the soil element close to the pile surface at x = 0.07Bp undergoes horizontal 
compression (Exx = 0.16%) until ≈0.5Bp pile head settlement, then gradually transitions to 
extension (because of dilation) until the pile settlement w = 1Bp is reached. The soil 
element at x = 0.32Bp undergo horizontal compression (Exx = 0.03%) until pile settlement 
increases to w ≈ 0.3Bp and then gradually transition to horizontal extension. Figure 
5-19(b) shows that the soil element at x = 0.57Bp experiences Exx < 0 from the start of the 










  (a) (b) 
Figure 5-19 Soil displacement and deformation near the smooth pile (Rn = 0.03) 
embedded in dense sand (DR = 87.3%) at z = 14Bp: (a) normalized horizontal and vertical 
displacements, and (b) normal and shear strains. 
Figure 5-20 shows the displacement and deformation of soil elements at depth z = 
14Bp and at horizontal distance of x = 0.07Bp, 0.32Bp and 0.57Bp from the surface of a 
rough pile (Rn = 0.26) embedded in a dense sand sample (DR = 88.2%). In Figure 5-20(a), 
it can be seen that the soil element near the rough pile (x = 0.07Bp) continues to move 
vertically during pile loading even at the end of the test but that the elements at x = 
0.32Bp and 0.57Bp have become essentially stationary after a pile settlement w ≈ 0.4Bp 
was exceeded. The horizontal displacement of all three soil elements stabilizes after w ≈ 
0.4Bp. As shown in Figure 5-20(b), the nearest element to the pile at x = 0.07Bp reaches 
24% shear strain and 14% horizontal expansion at the end of the pile loading (w = 1Bp), 








is 1.2% at the end of the test. The soil element at x = 0.57Bp does not experience 





Figure 5-20 Soil displacement and deformation near the rough pile (Rn = 0.26) embedded 
in dense sand (DR = 88.2%) at z = 14Bp: (a) normalized horizontal and vertical 
displacements, and (b) horizontal and shear strains. 
Figure 5-21 shows the displacement and deformation of soil elements at depth z = 
14Bp near the roughest pile shaft (Rn = 1.14) embedded in a dense sand sample (DR = 
86.0%). Figure 5-21(a) shows that the soil element near the roughest pile at x = 0.07Bp 
undergoes 0.026Bp horizontal displacement and 0.157Bp vertical displacement at the end 
of pile loading (when a pile settlement of 1Bp is reached). The horizontal displacement is 








vertical displacements of the soil elements at x = 0.32Bp and x = 0.57Bp are 0.075Bp and 





Figure 5-21 Soil displacement and deformation near the rough pile (Rn = 1.14) embedded 
in dense sand (DR = 86.0%) at z = 14Bp: (a) normalized horizontal and vertical 
displacements, and (b) horizontal and shear strains. 
As shown in Figure 5-21(b), the element nearest the pile (x = 0.07Bp) reaches 34% 
shear strain and 28% horizontal expansion, whereas the element at x = 0.32Bp reaches 
8.6% shear strain and 2.7% horizontal expansion at the end of the pile loading. The shear 
and horizontal strains of the soil element at x = 0.57Bp are 1.6% and 0.02%, respectively, 
upon completion of the pile loading. 
Figure 5-22 shows the displacement and deformation of soil elements near the 









  (a) (b) 
Figure 5-22 Soil displacement and deformation near the rough pile (Rn = 0.03) embedded 
in dense sand (DR = 66.3%) at z = 14Bp: (a) normalized horizontal and vertical 
displacements, and (b) horizontal and shear strains. 
Figure 5-22(a) shows that, for the smooth pile (Rn = 0.03) embedded in the 
medium dense sand sample (DR = 66.3%), both the vertical and horizontal displacement 
is greater for elements closer to the pile. Figure 5-22(b) shows that the soil element at x = 
0.07Bp experiences contractive horizontal strain throughout the test. Figure 5-22(b) also 
shows that the shear strain Exz continuously increases for all three elements during the 
pile settlement.  
Figure 5-23 shows the displacement and deformation of soil elements at depth z = 
14Bp and horizontal distance of x = 0.07Bp, 0.32Bp and 0.57Bp away from the rough pile 








Figure 5-23(a), the vertical displacement of the soil element at x = 0.07Bp continuously 
increases during pile loading until a value v = 0.107Bp. For soil elements at x = 0.32Bp 
and 0.57Bp, the vertical displacement ceases to increase after a pile settlement of 0.4Bp; 
the horizontal displacement of all three elements also reaches a plateau for a pile 
settlement of 0.4Bp. Figure 5-23(b) shows that the shear and horizontal strains of the 
element at x = 0.07Bp reaches Exz = 22.5% and Exx = -13%, respectively, as the pile 
settlement progresses toward w = 1Bp (end of pile loading). The soil element at x = 
0.32Bp undergoes shear strain of Exz = 5% and horizontal strain of Exx = -1% at the end of 
pile loading. Figure 5-23(b) shows that the element at x = 0.57Bp does not undergo 





Figure 5-23 Soil displacement and deformation near the rough pile (Rn = 0.26) embedded 
in dense sand (DR = 63.1%) at z = 14Bp: (a) normalized horizontal and vertical 








Figure 5-24 shows the response of soil elements near the roughest pile (Rn = 1.14) 
embedded in a medium dense sand sample (DR = 64.9%) at depth z = 14Bp and x = 
0.07Bp, 0.32Bp and 0.57Bp. Figure 5-24(a) shows that the horizontal displacement of all 
three elements reaches a constant value at 0.4Bp pile head settlement. It is shown that the 
vertical displacement of the soil element at x = 0.07Bp increases to 0.14 Bp at the end of 
pile loading, while the elements at x = 0.32Bp and 0.57Bp reach a constant vertical 
displacement v = 0.046Bp and 0.036Bp, respectively, after approximate 0.5Bp of pile head 
settlement. Figure 5-24(b) shows that the shear and horizontal strain of element at x = 
0.07Bp are Exz = 31% and Exx = -21%, respectively at the end of the test. The soil element 
at x = 0.32Bp experiences a shear strain of Exz= 7.7% and horizontal strain of Exx = -1.5% 
at the end of pile loading. As observed earlier, for other pile surface relative roughness 
values and sand relative densities, the element at x = 0.57Bp does not deform to any 












Figure 5-24 Soil displacement and deformation near the rough pile (Rn = 1.14) embedded 
in dense sand (DR = 64.9%) at z = 14Bp: (a) normalized horizontal and vertical 
displacements, and (b) horizontal and shear strains. 
5.4.4 Microscopic analysis of the response of soil near the pile Shaft 
To closely analyze the formation of the shear band next to the pile shaft, a digital 
microscope was placed at the second window of the DIC chamber at z = 10.5Bp (pile base 
was located at zb=22.45Bp). The resolution of the microscope was ≈ 0.01 mm/pixel.  
Sand particles within a shear band undergo excessive rotation and displacement 
(Uesugi and Kishida 1987; Uesugi et al. 1988; Alshibli and Sture 1999). A shear band 
can be viewed, conceptually, as separating two moving “rigid” blocks. The current study 
views a shear band as a zone that separates the moving pile surface from a soil mass 








Figure 5-25 shows part of a pile on the right and the soil next to it on the left. The 
thickness of the shear band was determined as follows: 1) lay a virtual grid on the soil 
domain consisting of soil patches 195 pixel × 195 pixel (3D50 × 3D50) in size; 2) calculate 
the vertical displacement of soil at the end of pile loading using the DIC technique; 3) for 
every row of soil elements (see Figure 5-25), calculate the relative vertical displacement 
v  of each soil element in the row by subtracting the vertical displacement of the left side 
element from the vertical displacement of the element itself; 4) for every row of soil 
elements, identify the farthest soil element from the pile surface whose relative vertical 
displacement is at least 10 times greater than the relative vertical displacement of the soil 
element on its left; 5) connect the center of soil elements (nodes) identified in step 4 to 
visualize the boundary of the shear band next to the pile surface; 6) calculate the 
thickness of the shear band by measuring the horizontal distance of the nodes identified 
in step 4 from the pile surface.  
 
 
Figure 5-25 Virtual grid on the soil domain and definition of the relative vertical 








Figure 5-26 shows the position of the left boundary of the shear band inside the 






Figure 5-26 Shear band boundary next to the piles for the: (a) dense sand sample and (b) 








As shown in Figure 26, the thickness of the shear band is clearly greater for the 
rough piles (Rn = 0.26 and 1.14) than for the smooth piles (Rn = 0.03). Table 5-3 
summarizes the maximum ts,max and average ts,ave thickness of the shear band for the tests 
performed. 
 
Table 5-3 Dimensions of the shear band next to the model piles pre-installed in dense and 
medium dense sand samples. 
Test # DR (%) Rn ts,max/D50 ts,ave/D50 
1 87.3 0.03 2.3 1.6 
2 88.2 0.26 5.3 4.8 
3 86.0 1.14 6.4 5.8 
4 66.3 0.03 2.5 2.0 
5 63.1 0.26 6.3 6.0 
6 64.9 1.14 8.8 7.4 
 
According toTable 5-3, for a pile with smooth shaft (Rn = 0.03) embedded in the 
dense (DR = 87.3%) and medium dense (DR = 66.3%) sand samples, the average and 
maximum thickness of the shear bands are in the ranges of 1.6-2.0D50 and 2.3-2.5D50, 
respectively. For the rough piles (Rn = 0.26 and 1.14) embedded in dense and medium 
dense sand samples, the maximum shear band thickness ranges from 5.3D50 to 8.8D50, 








5.5 Summary and Conclusions 
This chapter presents the results of axial loading tests performed on non-
displacement piles. The tests were performed in a half-circular calibration chamber filled 
with sub-rounded silica sand. Square aluminum model piles with different surface 
roughnesses were pre-installed in medium dense and dense sand samples that were 
prepared using dry pluviation. Pile normalized surface roughness Rn = 0.03, 0.26 and 
1.14 were considered in order to assess the effect of pile surface roughness on the soil-
pile response. 
The shaft capacity of the piles increased as the soil density and the roughness of 
the pile surface increased. It was also observed that, as the surface roughness of the pile 
increased, the limit shaft resistance was mobilized at a larger pile head settlement. For the 
same pile vertical displacement, the soil displacement and deformation near the piles 
increased, as the surface roughness of the piles and relative density of the soil increased. 
An increase in the pile roughness or in the soil density led to more extensive deformation 
at larger distances from the pile shaft. 
In general, the soil elements near rough piles showed dilative response during 
axial loading of the pile, while the soil elements near (within ≈0.6Bp from the pile shaft) a 
smooth pile in medium dense sand samples showed contractive behavior during the pile 
loading. The average thickness of the shear band next to a smooth pile embedded in 
dense or medium dense sand samples was in the range of 1.6-2.0D50. The thickness of the 
shear band for a rough pile embedded in a dense sand sample did not change significantly 








embedded in the dense and medium dense sand samples, the maximum shear band 
thickness ranged from 5.3D50 to 8.8D50, while the average shear band thickness was in 









CHAPTER 6. EXPERIMENTAL ANALYSIS OF AXIALLY LOADED NON-
DISPLACEMENT PILES IN SAND 
6.1 Introduction 
6.1.1 Background 
Pile foundations are classified, based on the method of installation, as either 
displacement (e.g., closed-ended pipe piles) or non-displacement piles (e.g., drilled 
shafts). The total resistance of piles originates from the base and shaft resistances 
(Salgado 2008). Typically, the shaft resistance of piles reaches its limit value before 
complete mobilization of the base resistance (Salgado 2008). Therefore, once the shaft 
resistance is mobilized, any additional axial load applied to an end-bearing pile is 
transferred directly to its base.  
Installation of non-displacement piles induces small to negligible changes to the 
initial state of the surrounding soil (Salgado 2005). Several factors affect the mobilized 
shaft resistance developed in non-displacement piles, such as the relative roughness of 
the pile-soil interface (Akgüner and Kirkit 2012; Fioravante 2002; Niazi and Mayne 
2013), the initial density and stress state of the surrounding soil (Gavin and Lehane 2003; 
Loukidis and Salgado 2008a; Rollins et al. 2005). The base resistance of piles is affected 
by the soil density of the bearing layer as well as the lateral confinement induced by the 








been generally studied by experimental methods such as field pile load testing (e.g., 
Mayne and Harris 1993; Ismael 2001; Gavin and Lehane 2007; Dai et al. 2012; Gavin et 
al. 2013), calibration chamber testing (e.g., Kuwajima et al. 2009; Le Kouby et al. 2013), 
centrifuge modeling (e.g., Fioravante 2002; Colombi et al. 2006; Fioravante et al. 2010) 
and, more recently, image-based analysis (e.g., Morita et al. 2007) or by numerical 
methods such as finite element analysis (e.g., Lee and Salgado 1999; Loukidis and 
Salgado 2008b; Ahmadi and Khabbazian 2008; Tolooiyan and Gavin 2013). In the next 
sections of this chapter, we will review the most notable studies on axially loaded non-
displacement piles installed in sand. 
6.1.2 Field testing 
Mayne and Harris (1993) reported two full-scale pile load tests on drilled shafts 
embedded in residual soil and partially weathered rock of Peidmont geology. The soil 
profile consisted of a layer of residual, silty, silica sand with a depth of 15.8-19.5 m over 
a partially weathered rock extended down to 20-24.8 m; this layer was underlain by 
sound bedrock. One test was performed on a floating pile (pile capacity resulted from 
shaft resistance only) with embedded length-to-diameter ratio Le/Bp ≈ 22 (Le = 16.9 m 
and Bp = 0.76 m), while the other test was performed on an end-bearing pile (pile 
capacity resulted from both shaft and base resistances; the pile base was embedded on a 
competent bearing layer) with embedded length-to-diameter ratio Le/Bp ≈ 28 (Le = 21.4 m 
and Bp = 0.76 m). The maximum pile head settlement for the end bearing pile was 25.6 
mm (0.033Bp) corresponding to a 8.9-MN axial load (maximum capacity of the loading 








(0.22Bp) corresponding to a 4.5-MN axial load (the loading was halted due to inability to 
maintain hydraulic pressure by the jacking system). The load test results  of both piles 
showed that the most of the pile capacity carried by the shaft; for the end-bearing pile, 
this was due to the fact that the pile did not reach its plunging load, thus most of the axial 
load applied on top of the pile was carried by the shaft and base resistance could not be 
fully mobilized. Mayne and Harris (1993) reported that, at the working load, only 22% 
and 8% of the total axial load were transferred to the base of the end-bearing and floating 
piles, respectively, whereas at the ultimate load (average of ultimate loads predicted by 
methods proposed by Van der Veen (1953), Hansen (for 80% and 90% relative 
settlement) (1963), De Beer (1967), Chin (1970), Fuller and Hoy (1970), Mazurkiewicz 
(1972), Davisson (1972) and Butler and Hoy (1977)) , which was only achieved for the 
floating pile, the pile base carried 15% of the total applied load on the floating pile. Given 
the percentage of load carried by the base of the pile labeled as a floating pile, it can be 
argued, by definition, that the pile cannot be a true floating pile.  
Ismael (2001) investigated the response of two non-displacement pile groups with 
5 piles and two single piles, with diameter Bp = 0.1 m and length Lp = 2.25 m, embedded 
in cemented sands in a series of field static load tests. The soil profile consisted of a 
medium dense silty sand layer with weak cementation down to a depth of 4.5 m underlain 
by very dense silty sand. The center-to-center pile spacing s of the two pile groups was 
2Bp and 3Bp. The static loading was terminated when the pile head settlement of the 
single piles was 25mm (w = 0.25Bp). In the case of the pile groups, loading continued 
until 16mm of settlement (w = 0.16Bp) for the pile groups with s = 2Bp and 21mm 








ultimate load of the single piles was carried by the shaft of the piles. The settlement w 
corresponding to the ultimate load, which was determined using a graphical method by 
intersecting the initial and final tangents lines on load-settlement curves, was 7.5 mm for 
both single piles and 4.5 mm and 8.5 mm for pile groups with s = 2Bp and 3Bp, 
respectively. The group efficiency of the pile groups corresponding to the ultimate load 
were 1.22 and 1.93 for s = 2Bp and 3Bp, respectively. Ismael (2001) observed that 
installing a bored pile near a pre-existing bored pile imposed lateral stresses on the pre-
existing pile which increased its shaft resistance compared to a single pile of the same 
size far from the location of the pile installation. The increase in the shaft resistance due 
to installation of another pile was argued to be another reason for high group efficiencies 
of the investigated pile groups. Ismael (2001) also reported that the total load on the pile 
groups was equally shared between the center and corner piles for both pile groups. 
Gavin and Lehane (2007) performed field load tests on model piles: a closed-
ended (CE) pipe pile (Bp = 73 mm and Lp = 1.5 m) and two open-ended (OE) pipe piles 
(Bp = 111 mm, wall thickness t = 8.3 mm and Lp = 1 m and 2 m), as well as a bored pile 
(Bp = 100 mm and Lp = 1 m) embedded in glacially deposited sand to study the factors 
controlling the base load-settlement response of piles in sand. The test area consisted of a 
heavily overconsolidated (OC) fine sand (with an over consolidation ratio OCR = 50 ± 15 
near the ground surface) with mean particle size D50 = 0.12 ± 0.03 mm, water content of 
11 ± 1% and degree of saturation S = 65%-70%. The level of the water table was 6 m 
below the ground surface. The head of the closed-ended pipe pile and the bored concrete 
pile were positioned 1 m and 0.3 m below soil surface, respectively. The loading was 








minutes. The ratio of the unit base resistance of the pile qb to the corresponding cone 
resistance qc at 10% relative settlement (w/Bp = 0.1) was 0.22 for the bored pile, while 
those of the displacement piles (CE and OE pipe piles) ranged between 0.9 and 1.1. 
Gavin and Lehane (2007) reported that the stiffness of the soil at the base of the pile 
started decreasing at a lower normalized displacement w/Bp for the non-displacement pile 
(the bored pile) than for the displacement piles (CE and OE pipe piles). 
Gavin et al. (2013) performed full-scale axial static compression load tests on two 
continuous-flight-auger (CFA) piles (can be classified as non-displacement piles) 
embedded in a dense sand deposit, one with diameter Bp = 800 mm and length Lp = 15 m 
and the other one with diameter Bp = 450 mm and length Lp = 14 m, to study the 
mobilized base resistance of non-displacement piles in sand. Gavin et al. (2013) 
normalized the base resistance at 10% pile head normalized settlement qb,10% (w/Bp = 0.1) 
with respect to the cone resistance qc data obtained for the same site and showed that the 
values of qb,10%/qc were in the range of 0.22-0.23 for both piles, indicating independence 
of the base resistance from the pile diameter.  
6.1.3 Calibration chamber tests 
Kuwajima et al. (2009) performed displacement-controlled, axial load tests on 
roughened (maximum roughness of Rt = 600 μm), non-displacement, model, steel piles 
with diameter Bp = 30 mm and length Lp = 240 mm. The pile load tests were performed 
for two carbonate sands (highly crushable sands), namely Chiibishi sand with D50 = 0.68 
mm and Dog’s Bay sand with D50 = 0.22 mm, as well as a less crushable sand silica sand, 








bearing capacity of non-displacement piles. The piles were positioned upside-down for 
easier and more effective sample preparation. Upward loading was applied at a rate of 0.1 
mm/min at three increments of 1Bp vertical displacement until the pile vertical 
displacement reached w = 3Bp (= 90 mm). It was noted that strength mobilization in the 
sands with crushable particles takes place at much higher strain levels than the less 
crushable sand. The soil samples were prepared by compacting 40 layers of sand layers 
of 1cm in thickness with relative density of DR = 90% around the model piles. After 
sample preparation, lateral and vertical stresses were applied independently on the sand 
samples for vertical stresses ranging from 100 to 400 kPa; horizontal-to-vertical pressure 
ratio K0 = 0.5 and K0 =1.0 were considered. Test results showed more pronounced limit 
load (the load reached a plateau) was observed for Toyoura sand, occurring well before a 
vertical displacement w = 1Bp. For the pile load tests crushable sands, no limit base 
resistance was observed even at a vertical displacement of 3Bp. It was observed that at 
high confining pressures, the base resistance of the piles decreased as particle crushing 
increased. A sharp peak was observed in the shear resistance vs. pile head settlement 
response of the model piles at low vertical displacements (less than w = 0.1Bp) for all 
sands which was followed by a rapid decrease in the shaft resistance until the end of the 
pile loading (brittle response). This degrading response was attributed to “friction 
fatigue” which includes soil contraction next to the pile shaft combined with particle 
crushing. The qualitative response of the sand around the piles was investigated by 
preparing samples with colored sand layers. To recover the sand from the deformed 
samples, once the loading tests with K0 = 1 and vertical pressure of 400 kPa were 








to be self-supporting. The samples were then sectioned and photographed. Visual 
analysis of the photos showed that a plastic zone with crushed particles was formed 
below the pile base in all cases. At w = 1Bp, a slight heave was observed in the Toyoura 
sand samples in the vicinity of the pile base; this heave was not observed for the two 
carbonate sands. Kuwajima et al. (2009) suggested that the less crushable particles of 
Toyoura sand were pushed sideways thus generating the heave, whereas in the case of the 
carbonate sands, the sand particles were crushed and the soil contracted below the pile 
base. Chiibishi sand samples next to the model pile shaft were sectioned once the peak 
shaft resistance was reached (at a pile head settlement of 0.05Bp); it was observed that the 
vertical displacement of the soil due to the pile vertical displacement was less than 0.05Bp 
and extended horizontally up to 0.65-0.85Bp from the pile shaft.  
6.1.4 Centrifuge tests 
Colombi et al. (2006) reported the results of six centrifuge tests performed to 
study the effect of method of pile installation on the response of piles embedded in 
medium dense silica sand (DR = 40%-50%) with mean particle diameter D50 = 0.093 mm. 
Out of these six tests, three tests were performed on non-displacement piles at centrifugal 
accelerations of 30g, 80g and 130g. Closed-ended aluminum pipes were used as model 
piles with a diameter Bp = 10 mm and embedded length Le = 245 mm. The normalized 
surface roughness Rn of the model piles was 1.07. Four miniature load cells were 
embedded along the piles to monitor the distribution of the axial force with depth during 
the load tests. Sample preparation was done using the air pluviation method. To minimize 








and bottom boundaries of the centrifuge chamber, respectively. After in-flight 
consolidation of each sample, a displacement-controlled test was performed at a rate of 
0.0075 mm/sec. The results showed that the total resistance of the non-displacement piles 
was mobilized at larger normalized pile head settlement w/Bp compared to the 
displacement piles. Also, the limit shaft resistance of the non-displacement piles was 
fully mobilized at about three times larger normalized settlement than those of the 
displacement piles. In addition, it was shown that increasing the centrifugal acceleration 
increased the load and settlement required for full mobilization of the total resistance of 
the model piles. Colombi et al. (2006) showed that the shaft capacity of non-displacement 
piles was larger (1.5-2 times) than that of displacement piles. It was also shown that the 
base resistance of displacement piles reached a maximum value at 5%-10% relative 
settlement, whereas for the non-displacement piles, the base resistance increased 
continuously during the axial load tests. Results of the loading tests showed no peak in 
the total load-settlement response of any of the piles tested. 
6.1.5 Numerical analysis 
Lee and Salgado (1999) performed finite element analysis using a nonlinear 
elastic-perfectly plastic constitutive model to investigate the factors controlling the 
capacity of non-displacement piles in sand. Lee and Salgado (1999) showed that for non-
displacement piles embedded in Ticino sand (D50 = 0.54 and ϕc = 34.8˚), the base 
resistance of the simulated piles increased significantly as the relative density of the sand 
increased. It was shown that although the pile base resistance was directly affected by the 








on the pile base resistance was not as significant as that of the relative density of the sand. 
Lee and Salgado (1999) also showed that the normalized base resistance qb/qc (ratio of 
the pile unit base resistance qb to the cone resistance qc) decreased as the relative density 
of the sand increased. It was shown that values of qb/qc were in the range of 0.07-0.13 for 
w/Bp = 5% and in the range of 0.12-0.21 for w/Bp = 10%.  
Loukidis and Salgado (2008a) performed one- and two-dimensional 
(axisymmetric) finite element analysis to study the mobilization of limit unit shaft 
resistance and the state of stress next to the surface of axially loaded non-displacement 
piles embedded in sand. Loukidis and Salgado (2008a) assumed that the initial stress state 
of the soil around a drilled shaft does not change after installation. From the results of the 
numerical analysis, Loukidis and Salgado (2008a) suggested that the interface friction 
angle δ between the non-displacement pile and the surrounding sand is almost equal to 
the critical-state friction angle ϕc of the sand tested under triaxial compression conditions 
(δ = 0.95 TXCc ). They suggested that, due to the interlocking of sand particles and the 
rough shaft of the non-displacement piles, the unit shaft resistance of non-displacement 
piles is fully controlled by the shear strength of the sand next to the pile. Loukidis and 
Salgado (2008a) assumed (for one-dimensional analyses) that no vertical strain εzz 
develops next to the pile shaft during pile loading and suggested that as the shearing 
progresses, the major and minor principal stresses rotate next to the shaft and make an 
angle of ±45˚ with the vertical. It was suggested that after a certain amount of shearing, 
the soil element close to the pile shaft stops dilating, with the shaft resistance converging 
to its limit. The thickness of the smallest element that was used in their study was equal 








Salgado (2008a) observed that upon mobilization of limit shaft resistance, the coefficient 
of lateral earth pressure K (ratio of the horizontal effective stress to the vertical effective 
stress) increases as the relative density of the sand increases and the overburden pressure 
decreases as a result of the sand dilatancy at the build-up of lateral effective stress during 
soil shearing. Loukidis and Salgado (2008a) also showed that the ratio K/K0 depends 
significantly on the ratio of the thickness of the shear band formed next to the pile shaft 
to the pile diameter ts/Bp (this due to scale effects) such that as ts/Bp increases, the value 
of K/K0 increases. For Toyoura sand (which has sub-angular particles) with DR = 90% 
and a confining stress of 100 kPa, K/K0 = 5.2 for ts/Bp= 0.2. Loukidis and Salgado 
(2008a) showed that the scale effect can also affect the shear stress mobilized along the 
pile shaft during pile settlement such that for very small ratios of ts/Bp (e.g., ts/Bp = 
0.0024), which can be observed in full-scale piles, the shear stress vs. pile head 
settlement response clearly shows a sharp peak (“brittle” response), while for model 
piles, where the ratio of ts/Bp is much larger (e.g., ts/Bp = 0.19), a soft peak is observed.  
6.1.6 Image-based analysis 
Morita et al. (2007) used X-ray computed tomography to visualize the failure 
pattern below the base of a hollow rectangular (with width Bp = 20 mm), a solid 
rectangular (with width Bp = 20 mm) and an under-reamed solid rectangular (with width 
Bp = 20 mm at the shaft and Bp = 30 mm at the base) aluminum model piles embedded in 
Toyoura sand with relative density DR = 100%. Using the fact that the CT value is 
linearly related to the material density, Morita et al. (2007) studied the change in the soil 








conditions at a rate of 0.05 mm/sec and were stopped when the pile head settlement was 
10mm. Morita et al. (2007) reported no peak in the load-settlement response of the piles, 
which indicates progressive failure with pile loading. It was shown that the soil density 
around the circumference of the pile base decreased as the pile was pushed down. High 
densification of the sand was observed immediately below the pile base, which was 
surrounded by the banded volume of sand with lower density for both cases of solid and 
under reamed piles. For the case of the pipe pile, a low density zone was observed right 
below the pile base that was related to strain localization within that zone. Analyses of 
the 3D CT images revealed an axisymmetric failure pattern below the base of the model 
piles.  
6.1.7 Present study  
The present study investigates the load response of axially loaded, non-
displacement model piles (single piles and pile groups) embedded in dense and medium 
dense sand samples. The response of the sand surrounding the piles during loading is also 
studied using the Digital Image Correlation (DIC) technique. The displacement and 
deformation of the sand were assessed during the load tests performed on single piles and 
pile groups.  
6.2 Materials and Test Setup 
6.2.1 Sand properties 









6.2.2 Model piles 
Three model steel piles were instrumented for the tests on single piles, and 1×2 
and 1×3 pile groups. The model piles consist of half-circular, hot-rolled steel rods with 
Young’s modulus Ep = 189 GPa, length Lp = 900 mm, embedded length Le = 570 mm and 
diameter Bp = 31.75 mm. A hole with a diameter of 7.9 mm was drilled through the 
center of the area of the cross-section of the piles to facilitate collecting and directing the 
sensor wires inside the piles and to the outside near the pile head. Six pairs of uniaxial 
350-Ω strain gauges with a gauge length of 2 mm were installed on opposite sides of the 
model piles to measure the stress transfer along the pile shaft during loading. In addition, 
a 10-kN compression load cell was embedded at the base of each model pile to measure 
the base resistance of the piles. A 1 MPa miniature pressure transducer was also mounted 
on the pile shaft (at a distance of 6.74Bp above the pile base) to measure the horizontal 
stresses. Figure 6-1 shows the position of the sensors along the model pile with respect to 
the top surface of the sand sample. Rough sand paper (#50) was then attached to the pile 
shaft to simulate approximately the roughness of drilled shafts. The normalized 
roughness (Rn = Rt/D50) of the pile shaft is 1.14. The interface critical-state friction angle 
δ estimated from the results of direct shear tests performed on the sand paper in contact 










Figure 6-1 Position of the sensors along the model pile. 
6.2.3 DIC calibration chamber 
DIC calibration chamber load tests were performed at the Bowen Laboratory at 
Purdue University. The details of the chamber and the loading systems have been 
elaborated in chapter 5.  
6.2.4 Image and data acquisition systems 
The image and data acquisition systems were the same as those elaborated in 
chapter 5. 
6.2.5 Sample preparation 
The sand samples were prepared using the air-pluviation method. Once the sand 
sample reached a height of 470 mm, measured from the base of the calibration chamber, 








full contact with the covering annealed glass (see Figure 6-2). A series of turnbuckles 
were used to fix the piles behind the observation windows. The turnbuckles were 
removed one by one during sample preparation as the height of the samples increased.  
 
 
Figure 6-2 Positioning a model pile during a sample preparation. 
6.2.6 Load test program 
A series of six axial load tests were performed to study the response of single 
piles and pile groups and the surrounding soil during loading of non-displacement piles 
embedded in dense and medium dense sand samples. All tests were performed under a 
50kPa surcharge. Table 6-1 summarizes the conditions of all the tests. 














Table 6-1 Non-displacement pile load tests. 
Test # Configuration of Piles Sand Relative Density DR (%) 
1 single pile 86 
2 single pile 66 
3 1×2 pile group 83 
4 1×2 pile group 63 
5 1×3 pile group 82 
6 1×3 pile group 66 
 
The center-to-center spacing of the piles in the pile groups is twice the diameter of 
the model piles (s = 2Bp) for all tests. In the following sections, we present and discuss 
the results of the load tests performed on single piles and pile groups. 
6.3 Analysis of Single piles 
6.3.1 Pile response 
The load-settlement response of axially loaded single piles in dense (DR = 86%) 









  (a) (b) 
Figure 6-3 Load-settlement response of single piles in: (a) dense sand (DR = 86%) and (b) 
medium dense sand (DR = 66%). 
As shown in Figure 6-3, the dense sand sample (DR = 86%) generates greater total 
resistance during loading of the pile than the medium dense sand sample (DR = 66%). 
Also, it can be observed from Figure 6-3 that there is a sharp change in the slope of the 
load-settlement curves at greater settlement levels (w ≈ 0.14Bp for the pile in the dense 
sand and w ≈ 0.11Bp in the medium dense sand). Figure 6-3(a) shows that the shaft 
resistance in the dense sand sample is higher than the base resistance. For the medium 
dense sand sample (Figure 6-3(b)), the shaft resistance is greater than the base resistance 
up to a normalized settlement of 31% (w/Bp = 0.31), after which then the base resistance 
surpasses the shaft resistance. Figure 6-3 also shows that the shaft resistance experiences 
a local peak (local maximum) in the dense (Qs,peak = 2.55 kN) and medium dense (Qs,peak 









Figure 6-4 shows the effective lateral stress σˊh on the pile shaft in dense and 
medium dense sand samples at a distance of 6.74Bp above the pile base (z
*
 = -6.74Bp). 
Hereafter, the elevation z
*
 of any point within the soil mass is given by z
*
 = z – zb, where 





Figure 6-4 Stresses mobilized on the pile shaft at z
*
 = -6.74Bp: (a) lateral stress and (b) 
unit shaft resistance. 
As shown in Figure 6-4, the lateral stress on the pile shaft increases continuously 
during pile loading for both the dense and the medium dense sand samples. The 
difference between the lateral stress on the pile embedded in the dense and medium dense 
sands increases in the later stages of the loading process, such that at w = 0.8Bp, σˊh = 184 








6.3.2 Soil response 
The DIC technique was used to study the response of soil elements around the 
model piles. The dimension of the representative elementary volume (REV) adopted in 
this study is in the range of 7D50-8D50 of the test sand. Figure 6-5 indicates the position of 
the elements and the lines that are used in the DIC analysis of single piles. 
 
 
Figure 6-5 Position of elements and lines around the pile base that are used for DIC 
analysis.  
For the DIC analyses presented in this work, the normalized radial (horizontal) 
u/Bp and vertical v/Bp are computed and compared for tests in dense and medium dense 
sand samples. In addition, for single piles, the volumetric Evol and deviatoric Eq 
Lagrangian strains are presented and compared for both sand densities.  
Two-dimensional (2D) DIC analysis can only reveal the planar motion of the soil 








axisymmetric problem, we can calculate the third component of the principle strains E3 









              (6.1) 
where u is the radial (horizontal) displacement of the center of a soil element and r is the 
radial (horizontal) position of the center of the soil element from the centerline of the 
model pile.  
The volumetric Evol and deviatoric Eq Lagrangian strains can then be calculated 
as: 
1 2 3((1 )(1 )(1 ) 1)volE E E E             (6.2) 
2 2 2
1 2 1 3 2 3
2
( ) ( ) ( )
3
qE E E E E E E           (6.3) 
where E1 and E2 are the major and minor principal Lagrangian strains, respectively, 
calculated using the DIC technique. 
For the strain calculation, we follow soil mechanics strain convention in which 
the tensile strain is negative and compressive strain is positive. In the results shown and 
discussed next, all strains will be presented in percent (%). Also, since we use a Cartesian 
coordinate system for the pile group analyses, for consistency, we also use the same 
coordinate system when presenting the results of single piles.  
6.3.2.1 Element E1 (x = 0, z
*
 = 0) 
The displacement and deformation of the soil element E1 right below the center of 
the pile base is shown in Figure 6-6 for the dense (DR = 86%) and medium dense (DR = 








displacement is negligible below the pile base, whereas the normalized vertical 
displacement is almost equal to the pile vertical displacement in the medium dense and 
dense sand samples. Figure 6-6(c) and (d) show that both the volumetric and deviatoric 
strains increase for the dense and medium dense sand samples during the pile loading. 
The volumetric contraction of the dense sand (Figure 6-6(c)) is less than that of the 
medium dense sand below the pile base indicating more compressive response in the 











  (c) (d) 
Figure 6-6 Displacement and deformation of element E1 (x = 0, z
*
 = 0) during axial 
loading of single piles embedded in dense and medium dense sands. 
6.3.2.2 Element E2 (x = 0.5Bp, z
* 
= 0) 
Figure 6-7 shows the response of soil element E2 at x = 0.5Bp at the level of the 











  (c) (d) 
Figure 6-7 Displacement and deformation of element E2 (x = 0.5Bp, z
*
= 0) during axial 
loading of single piles embedded in dense and medium dense sands. 
Figure 6-7(a) and (b) show that, in the medium dense and dense sands, element E2 
moves to the right and down as the pile head displacement increases. The soil element in 
the dense sand stops horizontal displacement after a pile head settlement of w ≈ 0.35Bp 
(at u ≈ 0.05Bp), whereas for the medium dense sand, it stops horizontal displacement after 
a pile head settlement of w ≈ 0.55Bp (at u ≈ 0.1Bp). By combining the vertical and 
horizontal displacement of element E2, it can be suggested that the displacement of the 
soil at the perimeter of the pile base is more vertical in the dense sand than in the medium 
dense sand. Figure 6-7(c) and (d) show that the soil element at the pile base perimeter 
undergoes large shearing and dilation in the medium dense and dense sand samples, such 
that at w = 0.8Bp, Evol = 120% and Evol = -174% for the dense sand, while Evol = 127% 








increases for both the dense and medium dense sands as the pile head settlement 
increases.  
6.3.2.3 Element E3 (x = 1Bp, z
*
 = 0) 
Figure 6-8 shows the response of soil element E3 during the pile loading. Figure 
6-8(a) and (b) show that the soil element move to the right and down with increase in the 
pile vertical displacement. However, the soil element stops moving downward in the 
medium dense and dense sand samples at v ≈ 0.025Bp and 0.017Bp corresponding to the 
pile head settlements of w ≈ 0.35Bp and 0.25Bp, respectively.  
 










Figure 6-8 Displacement and deformation of element E3 (x = 1Bp, z
*
 = 0) during axial 
loading of single piles embedded in dense and medium dense sands. 
Figure 6-8(c) and (d) show that the rate of increase in the deviatoric strain of the 
element decreases as the pile vertical displacement increases and that the volumetric 
response of element E3 in the dense sand is dilative (Evol = -1.7% at the end of pile 
loading), whereas for the medium dense sand, the volumetric response of element E3 is 
contractive throughout the pile loading (Evol = 0.39% at the end of pile loading). 
6.3.2.4 Element E4 (x = 0, z
* 
= 0.5Bp) 
Figure 6-9 shows the displacement and deformation of soil element E4 during the 
pile loading. Figure 6-9(a) and (b) show that element E4, similar to element E1, moves 
down during the pile loading. The deviatoric strain of element E4, similar to element E1, 
increases steadily during the pile loading; however the rate of increase in the deviatoric 
strain of element E4 is much greater than that of element E1 such that at w = 0.8Bp, the 








and 36.8%, respectively, whereas for element E1, the deviatoric strain reaches Eq = 9.6% 
and 11.4% in the dense and medium dense sand samples, respectively. The volumetric 
response of element E4 is contractive at the beginning of the pile loading until it reaches 
Evol = 1.9% at w = 0.13Bp for the dense sand and Evol = 3.2% at w = 0.21Bp for the 
medium dense sand; thereafter it starts dilating until it reaches zero volumetric strain at w 
= 0.33Bp for the dense sand and w = 0.45Bp for the medium dense sand. Then, element E4 
experiences dilation until the end of pile loading (w = 0.8Bp) at which Evol = -20% and -
16% for the dense and medium dense sands, respectively.  
 








  (c) (d) 
Figure 6-9 Displacement and deformation of element E4 (x = 0, z
*
= 0.5Bp) during axial 
loading of single piles embedded in dense and medium dense sands. 
6.3.2.5 Element E5 (x = 0.5Bp, z
*
 = 0.5Bp) 
Figure 6-10 shows the displacement and deformation of soil element E5 below the 
pile base at x = 0.5Bp during the pile loading.  








  (c) (d) 
Figure 6-10 Displacement and deformation of element E5 (x = 0.5Bp, z
*
 = 0.5Bp) during 
axial loading of single piles embedded in dense and medium dense sands. 
Figure 6-10(a) and (b) show element E5 moves down and to the right with its 
vertical displacement being always greater than its horizontal displacement during the 
pile loading in the medium dense and dense sand samples. The vertical displacement of 
soil element E5 is smaller than that of element E2 (which is located at the same horizontal 
coordinate but at the perimeter of the pile base) for both the dense and medium dense 
sands, whereas its horizontal displacement is greater than that of element E2 (see Figure 
6-7(a) and (b)). As shown in Figure 6-10(c) and (d), similar to element E2 (see Figure 
6-7(c) and (d)), the deviatoric strain of element E5 increases continuously during the pile 
loading, while its volumetric strain decreases continuously. The values of deviatoric and 
volumetric strains of element E5 at w = 0.8Bp in both dense (Eq = 72% and Evol = -91%) 








6.3.2.6 Element E6 (x = 1Bp, z
*
 = 0.5Bp) 
Figure 6-11 shows the displacement and deformation of element E6 during the 
load tests. Figure 6-11(a) and (b) show that up to pile head settlement w ≈ 0.15Bp, the 
vertical displacement of element E6 is slightly greater than its horizontal displacement in 
the medium dense and dense sand samples, thereafter the horizontal displacement 
exceeds the vertical displacement. Figure 6-11(c) and (d) show that element E6 in the 
medium dense and dense sand samples demonstrate a dilative response throughout the 
pile loading with the dense sand showing more dilation than the medium dense sand. As 
shown in Figure 6-11(c) and (d), the volumetric and deviatoric strains of element E6 in 
the dense sand (Evol = -5.5% and Eq = 7.5%) and medium dense sand (Evol = -1.8% and Eq 
= 7.3%) no longer change after a pile head settlement w ≈ 0.55Bp indicating that the 
element has reached its critical state at pile head settlement w ≈ 0.55Bp.  
 








  (c) (d) 
Figure 6-11 Displacement and deformation of element E6 (x = 1Bp, z
*
 = 0.5Bp) during 
axial loading of single piles embedded in dense and medium dense sands. 
6.3.2.7 Element E7 (x = 0, z
*
 = 1Bp) 
Figure 6-12 shows the displacement and deformation of the soil element E7 1Bp 
below the pile base during the pile loading. Similarly to element E1 (see Figure 6-6(a) and 
(b)) and E4 (see Figure 6-9(a) and (b)), element E7 (Figure 6-12(a) and (b)) moves down 
in the medium dense and dense sand samples during the pile loading. Figure 6-12(c) and 
(d) show that the deviatoric strain of element E7 starts increasing from the onset of pile 
settlement. Element E7 undergoes a slight contraction (Evol ≈ 0.3%) at the beginning of 
the pile loading in the medium dense and dense sand samples. It starts dilation at w ≈ 
0.14Bp and w ≈ 0.26Bp in the dense and medium dense sands, respectively, and then 










  (a) (b) 
  (c) (d) 
Figure 6-12 Displacement and deformation of element E7 (x = 0, z
*
 = 1Bp) during axial 
loading of single piles embedded in dense and medium dense sands. 
6.3.2.8 Element E8 (x = 1Bp, z
*
 = -0.5Bp) 
The displacement and deformation of soil element E8 near the pile shaft above the 









  (a) (b) 
  
(c) (d) 
Figure 6-13 Displacement and deformation of element E8 (x = 0.5Bp, z
*
 = -0.5Bp) during 
axial loading of single piles embedded in dense and medium dense sands. 
Figure 6-13(a) and (b) show that the vertical displacement of element E8, in the 
medium dense and dense sand samples, is greater than its horizontal displacement from 
the beginning of the pile loading. It is shown in Figure 6-13(a) and (b) that the rate of 








the medium dense and dense sands after approximately 0.2Bp pile head settlement. Figure 
6-13(c) and (d) show that element E8 undergoes dilation during pile loading. The 
deviatoric strain of element E8 increases rapidly until approximately 0.1Bp pile head 
settlement in the medium dense and dense sand samples, thereafter, the rate of increase in 
the deviatoric strain decays for both sand densities.  
6.3.2.9 Profile of radial displacement 
Figure 6-14 illustrates the normalized radial (horizontal) displacement of the 
dense and medium dense sand samples along lines L1, L2 and L3 (see Figure 6-2 for 













  (e) (f) 
Figure 6-14 Normalized radial (horizontal) displacement of soil for: (a) DR = 86% on line 
L1, (b) DR = 66% on line L1, (c) DR = 86% on line L2, (d) DR = 66% on line L2, (e) DR = 
86% on line L3 and (f) DR = 86% on line L3. 
Figure 6-14(a) and (b) show no significant horizontal displacement below the pile 
base neither in the dense sand sample nor in the medium dense sand sample, because line 








Figure 6-14(c) and (d) show the normalized horizontal displacement of dense and 
medium dense sand samples, respectively, along line L2 (1Bp away from the pile 
centerline) extending from z
*
 = -0.5Bp down to z
*
 = 6Bp. It is clear from Figure 6-14(c) 
and (d) that horizontal displacement reaches its peak below the elevation of the pile base; 
as the pile loading progresses the peak moves down. In Figure 6-14(c) and (d), at all steps 
of pile loading, the maximum horizontal displacement in the dense sand sample is greater 
than that of the medium dense sand sample. Table 6-2 summarizes the location and 
maximum and minimum values of horizontal displacements along line L2.  
 
Table 6-2 Vertical positions and the maximum and minimum horizontal displacements 



















0.05 0.80 0.0085 1.29 0.0058 6.0 0.0003 6.0 0.0001 
0.1 1.19 0.0173 1.42 0.0127 6.0 0.0012 6.0 0.0006 
0.5 1.46 0.0654 1.55 0.0544 6.0 0.0057 6.0 0.0036 
0.8 1.72 0.0878 1.74 0.0773 6.0 0.0086 6.0 0.0058 
 
Table 6-2 indicates that the maximum horizontal displacement along line L2 takes 
place at greater depths in the medium dense sand sample than in the dense sand sample. 








smaller than that of the dense sand sample indicating that the horizontal displacement 
decays at a lower rate in the dense sand than in the medium dense sand.  
Figure 6-14(e) and (f) show the normalized horizontal displacement of the dense 
and medium dense sand samples, respectively, along line L3 that is extended horizontally 
from the center of the pile base to 5Bp away from it. The horizontal displacement has a 
minimum value next to the pile base (perimeter of the pile base) and sharply increases 
until it reaches a peak and then it decays as it approaches the right boundary of line L3. 
Comparison of Figure 6-14(e) and (f) suggests that the horizontal displacement in the 
dense sand is greater than that of the medium dense sand at the elevation of the pile base. 
Table 6-3 summarizes the values and location of the maximum horizontal displacement 
and the horizontal displacement at x = 5Bp (far-field).  
 
Table 6-3 Vertical positions and values of the maximum and far-field horizontal 









DR = 86% DR = 66% DR = 86% DR = 66% 
x/Bp u/Bp x/Bp u/Bp x/Bp u/Bp x/Bp u/Bp 
0.05 1.23 0.0069 0.87 0.0057 5.0 0.0021 5.0 0.0008 
0.1 1.23 0.0121 0.87 0.0090 5.0 0.0044 5.0 0.0014 
0.5 1.12 0.0291 0.87 0.0186 5.0 0.0110 5.0 0.0040 









Table 6-3 shows that the maximum horizontal displacement in the dense sand 
occurs farther from the pile perimeter than in the medium dense sand. The location of the 
maximum horizontal displacement in the dense sand moves toward the pile as the pile 
loading progresses, whereas in the medium dense sand, the location of the maximum 
horizontal displacement remains unchanged during the pile loading. At the far-field (x = 
5Bp), the value of the horizontal displacement is greater in the dense sand than in the 
medium dense sand, indicating that a larger volume of soil is affected in the dense sand 
than in the medium dense sand due to the axial loading of a single pile.  
6.3.2.10 Profile of vertical displacement 
Figure 6-15 shows the normalized vertical displacement of the dense and medium 
dense sand samples along lines L1, L2 and L3 at normalized pile head settlements of w/Bp 
= 0.05, 0.1, 0.5 and 0.8. 
 








  (c) (d) 
  (e) (f) 
Figure 6-15 Normalized vertical displacement of soil for: (a) DR = 86% on line L1, (b) DR 
= 66% on line L1, (c) DR = 86% on line L2, (d) DR = 66% on line L2, (e) DR = 86% on line 
L3 and (f) DR = 86% on line L3. 
Figure 6-15(a) and (b) show the variation of the normalized vertical displacement 
of the dense and medium dense sand below the center of the pile base (line L1). Figure 








sand than in the dense sand, suggesting that soil is moved down at greater depths in the 
dense sand sample than in the medium dense sand sample. To quantify the extent of the 
zone that undergoes vertical displacement due to axial pile loading, we arbitrarily choose 
v = 0.1w (10% of the current pile head settlement) as the vertical displacement of the 
lower boundary of the zone of influence. Table 6-4 lists the relative depth z
*
 of the zone 
with v = 0.1w as well as the vertical displacement of dense and medium dense sand 
samples at a relative depth of z
*
 = 6Bp along line L1. 
 
Table 6-4 Relative depth z
*
 of the zone with v = 0.1w and soil vertical displacement at a 
relative depth of z
*





v = 0.1w  Minimum vertical displacement 










0.05 3.84 0.005 3.53 0.005 6.0 0.0012 6.0 0.0007 
0.1 4.26 0.01 3.77 0.01 6.0 0.0034 6.0 0.0020 
0.5 3.97 0.05 3.67 0.05 6.0 0.0185 6.0 0.0119 
0.8 3.85 0.08 3.65 0.08 6.0 0.0284 6.0 0.0196 
 
Table 6-4 shows that the relative depth of the zone with the vertical displacement 
v = 0.1w, is greater in the dense sand sample than in the medium dense sand sample. 










6Bp is greater than that of the medium dense sand implying that the vertical displacement 
of the medium dense sand decays faster than that of the dense sand. 
Figure 6-15(c) and (d) show the variation of the normalized vertical displacement 
along line L2 (x = 1Bp) for different pile head settlements. The vertical displacement near 
the pile base is lower than the vertical displacement above the pile base; it then increases 
toward the greater depths until it reaches a peak and then decays until it reaches a relative 
depth z
*
 = 6Bp (lower boundary of the domain at the third observation window). Table 
6-5 summarizes the maximum and minimum vertical displacements along line L2 and 
their vertical position.  
 
Table 6-5 Maximum and minimum vertical displacements and their vertical position 





Maximum vertical displacement Minimum vertical displacement 










0.05 -0.5 0.0135 -0.5 0.0081 6.0 0.0012 6.0 0.0008 
0.1 1.39 0.0221 1.68 0.0159 6.0 0.0034 6.0 0.0006 
0.5 2.12 0.0625 2.19 0.0491 6.0 0.0178 6.0 0.0108 
0.8 2.38 0.0812 2.45 0.0661 6.0 0.0272 6.0 0.0175 
 
Table 6-5 shows that the maximum vertical displacement, in the medium dense 








maximum vertical displacement in the dense sand is greater than that of the medium 
dense sand. Also, for pile head settlement w = 0.05Bp, the maximum vertical 
displacement along line L2 takes place above the pile base. The vertical displacement in 
the medium dense sand decays faster than in the dense sand as the values of the 
normalized vertical displacement of the medium dense sand at z
*
 = 6Bp are less than those 
of the dense sand. 
Figure 6-15(e) and (f) show the normalized vertical displacement along line L3 
extending horizontally from the pile base center to the rightmost side of the domain at x 
=5Bp. The vertical displacement is maximum at the pile base and it decays toward x =5Bp. 
The rates of decay of the normalized vertical displacement along line L3 in the dense sand 
and medium dense sand are similar such that no significant difference is observed 
between the vertical displacements in the dense and medium dense sands for similar 
horizontal distances from the pile base center. 
The studied horizontal and vertical displacement profiles show that because of the 
compact structure of dense sand sample (less void ratio), compared to the medium dense 
sand sample, less amount of the external energy transferred to the soil body is spent on 
densifying the soil and more is spent on translating soil elements (patch of soil particles). 
6.3.2.11 Profile of volumetric strain 
Figure 6-16 illustrates the volumetric deformation of the dense and medium dense 
sand samples along lines L1, L2 and L3 at normalized pile head settlements w/Bp = 0.05, 
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  (e) (f) 
Figure 6-16 Volumetric deformation of soil for: (a) DR = 86% on line L1, (b) DR = 66% 
on line L1, (c) DR = 86% on line L2, (d) DR = 66% on line L2, (e) DR = 86% on line L3 and 
(f) DR = 86% on line L3. 
As shown in Figure 6-16(a) and (b), at the beginning of the loading (w = 0.05Bp 
and 0.1Bp) the soil below the pile base undergoes contraction (positive volumetric strain). 
For both the dense and medium dense sand samples, as the loading continues, there is a 
small zone right below the pile base with a height less than one pile diameter (“nose” 
cone as labeled by White and Bolton (2004)) that remains contractive, while the rest of 
the soil (along line L1) undergoes dilation. The height of the contractive zone decreases 
as the pile head settlement increases. As shown in Figure 6-16(a) and (b), the contraction 
of the medium dense sand at later stages of the pile head settlement is greater than that of 
the dense sand. The maximum dilation at later stages of the pile loading (w = 0.5Bp and 
0.8Bp), for both the dense and medium dense sands, occurs at ≈ 1.2Bp below the initial 
level of the pile base. At w = 0.8Bp, the maximum dilative response of the dense and 








base rapidly decays toward the greater depths such that at w = 0.8Bp the relative depth z
*
 
at which the volumetric strain becomes zero is z
*
= 4.47Bp for the dense and z
*
= 3.33Bp 
for the medium dense sand. This observation suggests that a larger volume of soil below 
the pile base undergoes volume change in the dense sand sample than in the medium 
dense sand sample. 
Figure 6-16(c) and (d) show the volumetric deformation of the soil along the 
vertical line L2 (1Bp horizontally away from the pile center) for w = 0.05Bp, 0.1Bp, 0.5Bp 
and 0.8Bp. No dilation along line L2 takes place neither for the dense sand nor for the 
medium dense sand throughout the pile loading. The volumetric strain along line L2 
gradually increases as the relative depth z
*
 increases until it reaches a peak and then starts 
decaying. Table 6-6 summarizes the maximum and minimum values of the volumetric 
strain and their vertical positions along line L2.  
As indicated in Table 6-6, the maximum volumetric strain takes place at greater 
depths in the dense sand than in the medium dense sand. Minimum values of the 
volumetric strain at z
*
 = 6Bp for the dense sand are greater than those for the medium 
dense sand, indicating a higher rate of decay of the volumetric strain in the medium dense 














Table 6-6 Vertical positions and values of the maximum and minimum volumetric strains 





Maximum volumetric strain Minimum volumetric strain 
DR = 86% DR = 66% DR = 86% DR = 66% 
z
*
/Bp Evol (%) z
*
/Bp Evol (%) z
*
/Bp Evol (%) z
*
/Bp Evol (%) 
0.05 0.74 1.36 1.03 1.11 6.0 0.08 6.0 0.05 
0.1 1.20 2.43 1.03 2.10 6.0 0.23 6.0 0.17 
0.5 1.33 7.16 1.29 7.10 6.0 0.96 6.0 0.77 
0.8 1.72 9.04 1.48 9.66 6.0 1.33 6.0 1.12 
 
Figure 6-16(e) and (f) show the volumetric deformation of the soil along the 
horizontal line L3 extending from the pile base center to x = 5Bp for w = 0.05Bp, 0.1Bp, 
0.5Bp and 0.8Bp. At the beginning of the loading (w = 0.05Bp and 0.1Bp), both the dense 
and medium dense sand samples undergo contraction along line L3. At the later stages of 
the pile loading (w = 0.5Bp and 0.8Bp), although the soil below the pile base is still 
contracting, slightly away from the pile (0.5Bp ≤ x ≤ 0.7Bp), sharp dilation takes place for 
both the dense and medium dense sands. Thereafter, the volumetric strain starts decaying 








6.3.2.12 Profile of deviatoric strain 
Figure 6-17 shows the deviatoric strain of the dense and medium dense sand 
















Figure 6-17 Deviatoric strain of soil for: (a) DR = 86% on line L1, (b) DR = 66% on line L1, 
(c) DR = 86% on line L2, (d) DR = 66% on line L2, (e) DR = 86% on line L3 and (f) DR = 
86% on line L3. 
Figure 6-17(a) and (b) show the profile of the deviatoric strain below the pile base 
(line L1) for pile head settlement w = 0.05Bp, 0.1Bp, 0.5Bp and 0.8Bp. Both the dense and 
medium dense sands show almost similar deviatoric strains below the pile base. The 
deviatoric strain gradually increases along line L1 until it reaches a peak and then it 
decreases. Table 6-7 shows the values and locations of maximum and minimum 














Table 6-7 Vertical positions and values of the maximum and minimum deviatoric strains 





Maximum deviatoric strain Minimum deviatoric strain 
DR = 86% DR = 66% DR = 86% DR = 66% 
z
*
/Bp Eq (%) z
*
/Bp Eq (%) z
*
/Bp Eq (%) z
*
/Bp Eq(%) 
0.05 0.98 2.17 0.97 2.17 6.0 0.06 6.0 0.05 
0.1 1.16 4.19 1.08 4.07 6.0 0.20 6.0 0.13 
0.5 1.16 25.32 1.20 24.31 6.0 0.86 6.0 0.68 
0.8 1.22 41.59 1.26 41.51 6.0 1.27 6.0 1.06 
 
As shown in Table 6-7, the vertical position of the maximum deviatoric strain 
gradually moves down for both the dense and medium dense sand samples. The 
minimum values of the deviatoric strain (at z
*
 = 6Bp) for the medium dense sand is 
slightly lower than for the dense sand, which suggests a lower rate of decay of the 
deviatoric strain for the dense sand than for the medium dense sand. 
Figure 6-17(c) and (d) show the profile of the deviatoric strain on line L2 for pile 
head settlement w = 0.05Bp, 0.1Bp, 0.5Bp and 0.8Bp. The deviatoric strain along line L2 
initially decreases down to the pile base level, then it increases until it reaches its 
maximum value, and then decays. Table 6-8 shows the values and locations of maximum 










Table 6-8 Vertical positions and values of the maximum and minimum deviatoric strains 





Maximum deviatoric strain Minimum deviatoric strain 
DR = 86% DR = 66% DR = 86% DR = 66% 
z
*
/Bp Eq (%) z
*
/Bp Eq (%) z
*
/Bp Eq (%) z
*
/Bp Eq(%) 
0.05 1.0 0.96 1.16 0.77 6.0 0.06 6.0 0.04 
0.1 1.39 2.03 1.35 1.81 6.0 0.19 6.0 0.12 
0.5 1.52 8.31 1.61 7.81 6.0 0.88 6.0 0.62 
0.8 1.72 11.26 1.74 10.92 6.0 1.32 6.0 1.01 
 
Table 6-8 shows that the position of the maximum deviatoric strain moves down 
during the pile loading for both the dense and medium dense sand samples. Also, the 
minimum value of deviatoric strain (at z
*
 = 6Bp) for the medium dense sand is smaller 
than that of the dense sand, which indicates that the deviatoric strain on line L2 in the 
medium dense sand decays faster than for the dense sand.  
Figure 6-17(e) and (f) show the profile of the deviatoric strain on line L3 for pile 
head settlements w = 0.05Bp, 0.1Bp, 0.5Bp and 0.8Bp. As shown in Figure 6-17(e) and (f), 
the deviatoric strain reaches its maximum value slightly away from the pile base (0.5Bp ≤ 
x ≤ 0.7Bp), where a large dilation takes place. The deviatoric strain then gradually 
decreases toward the end of the visible soil domain at x = 5Bp. The deviatoric strain on 








6.4 Analysis of 1×2 Pile Groups 
6.4.1 Pile response 
The load-settlement responses of axially loaded 1×2 pile groups embedded in the 




Figure 6-18 Load-settlement response of 1×2 pile groups embedded in dense and medium 
dense sands.  
As shown Figure 6-18, the total load applied on the 1×2 pile group in the dense 
sand is much greater than in the medium dense sand. The rate of increase in the total load 
changes distinctly at a larger pile head settlement for the dense sand sample (w ≈ 0.22Bp) 
than for the medium dense sand sample (w ≈ 0.18Bp).  
Figure 6-19 shows the loads taken by the head, shaft and base of the right corner 









  (a) (b) 
Figure 6-19 Load-settlement response of a corner pile in 1×2 pile groups embedded in: 
(a) dense sand sample (DR = 83%) and (b) medium dense sand sample (DR = 63%). 
Figure 6-19(a) and (b) show that the head, shaft and base resistances mobilized by 
the corner pile in the dense sand sample are greater than those in the medium dense sand 
sample during the pile group loading. It is seen in Figure 6-19(a) that the total shaft 
resistance of the corner pile in the dense sand sample is greater than the base resistance 
up to 0.25Bp pile group settlement. For the medium dense sand, as shown in Figure 
6-19(b), the shaft resistance is greater than the base resistance until the pile group reaches 
w = 0.30Bp; thereafter, the pile base resistance exceeds the total shaft resistance. As 
shown in Figure 6-19, a local peak is observed on the shaft resistance-vs.-pile group 
settlement curves of the corner piles at w = 0.23Bp (Qs,peak = 2.54 kN) and w = 0.21Bp 








Figure 6-20 shows the group efficiency (η = Qgroup/nQsingle, where n is the number 
of piles in the group) of the 1×2 pile groups throughout the pile group settlement.  
 
 
Figure 6-20 Group efficiency of 1×2 pile group with pile-to-pile spacing s = 2Bp 
embedded in dense and medium dense sand samples 
As shown in Figure 6-20, the group efficiency, except at the very early stages of 
the loading, is minimum at w = 0.09Bp (η = 89%) and w = 0.06Bp (η = 103%) for the 
dense and medium dense sands, respectively. The group efficiency increases then until 
the pile group settlement w = 0.24Bp (η = 123%) and w = 0.19Bp (η = 125%) for the dense 
and medium dense sands, respectively. The group efficiency slowly decreases until the 
end of the load tests such that at w = 0.8Bp, the group efficiency is η = 110% and η = 
112% for the dense and medium dense sands, respectively.  
Figure 6-21 shows the lateral stress generated on the shaft (z
*
 = -6.74Bp) of the 










Figure 6-21 Lateral stress on a corner pile in 1×2 pile group embedded in dense and 
medium dense sand samples. 
Figure 6-21 shows that the lateral stress on the pile embedded in the dense sand is 
greater than in the medium dense sand as the settlement of the pile group increases. Also, 
it shows that the lateral stress on the pile shaft increases continuously during the pile 
group loading. As observed also in the case of single piles (see Figure 6-4), the difference 
between the lateral stress on the piles in the dense and medium dense sands increases as 
the pile group settlement increases such that at w = 0.8Bp, σˊh = 157 kPa for the dense 
sand sample and σˊh = 106 kPa for the medium dense sand sample.  
6.4.2 Soil response 
The DIC technique was used to study the response of soil elements near the model 
piles in 1×2 pile groups embedded in dense (DR = 83%) and medium dense (DR = 63%) 
sand samples. Figure 6-22 illustrates the position of the elements and the lines that are 










Figure 6-22 Position of the elements and lines around the base of 1×2 pile group that are 
used for DIC analyses. 
For the DIC analyses presented in this work, the normalized horizontal u/Bp and 
vertical v/Bp displacements are computed and compared for tests in the dense and 
medium dense sand samples. In addition, the horizontal Exx, vertical Ezz and in-plane 
shear Exz Lagrangian strains are compared for both sand densities.  
6.4.2.1 Element E1 (x = 0, z
*
 = 0) 
The displacement and deformation of the soil element E1 between the two piles 
and at the level of the base of the piles is plotted in Figure 6-23 for dense (DR = 83%) and 
medium dense (DR = 63%) sand samples. As shown in Figure 6-23(a) and (b), element E1 
does not show a significant horizontal displacement in the medium dense and dense sand 
samples. Element E1 in the dense sand moves down up to v = 0.08Bp (corresponding to 








more vertical motion until the end of the pile group loading. Element E1 in the medium 
dense sand moves down up to v = 0.065Bp (corresponding to pile group settlement w = 
0.26Bp) and remains more or less motionless toward the end of loading.  
 
  (a) (b) 
  
(c) (d) 
Figure 6-23 Displacement and deformation of element E1 (x = 0, z
*
 = 0) during axial 








Figure 6-23(c) and (d) show that the horizontal strain Exx of element E1 in the 
medium dense and dense sand samples increases (horizontal compression) initially and 
then drops (horizontal unloading), with the medium dense sand undergoing more 
horizontal compression (Exx = 2.96% at w = 0.34Bp) than the dense sand (Exx = 1.87% at 
w = 0.32Bp). Figure 6-23(c) and (d) also show that element E1 experiences vertical 
compression (positive Ezz) in the medium dense and dense sands (Ezz ≈ 4% at w = 0.8Bp 
for both sand densities).  
6.4.2.2 Element E2 (x = 0.5Bp, z
*
 = 0) 
The response of soil element E2 during the pile group loading is shown in Figure 
6-24. As shown in Figure 6-24(a) and (b), the displacement of element E2 is essentially 
vertical during the pile group loading for both the dense and medium dense sands. Figure 
6-24(c) and (d) show that element E2 in the medium dense and dense sands undergoes 
vertical compression and horizontal extension coupled with shearing during the pile 
group loading. For a pile group settlement w = 0.7Bp, element E2 experiences Exx = -92%, 
Ezz = 29% and Exz = -29% for the dense sand and Exx = -99%, Ezz = 38% and Exz = -18% 
for the medium dense sand. It should be noted that the due to excessive distortion of soil 
element E2 in the medium dense sand, tracking of sand particles using the DIC technique 









  (a) (b) 
  (c) (d) 
Figure 6-24 Displacement and deformation of element E2 (x = 0.5Bp, z
*
 = 0) during axial 
loading of 1×2 pile groups installed in dense and medium dense sands. 
6.4.2.3 Element E3 (x = 1Bp, z
*
 = 0) 
The response of soil element E3 during the pile group loading is shown in Figure 
6-25. Figure 6-25(a) and (b) show that for both the dense and medium dense sand 








  (a) (b) 
  (c) (d) 
Figure 6-25 Displacement and deformation of element E3 (x = 1Bp, z
*
 = 0) during axial 
loading of 1×2 pile groups installed in dense and medium dense sands. 
Figure 6-25(c) and (d) show that element E3 undergoes vertical compression and 
horizontal extension during pile group loading. The horizontal extension of element E3 is 
greater in the dense sand than in the medium dense sand (more dilation), while its vertical 








6.4.2.4 Element E4 (x = 1.5Bp, z
*
 = 0) 
Figure 6-26 shows the displacement and deformation of soil element E4 during the 
1×2 pile group settlement.  
 
  (a) (b) 
  (c) (d) 
Figure 6-26 Displacement and deformation of element E4 (x = 1.5Bp, z
*
 = 0) during axial 








As shown in Figure 6-26(a) and (b), for both the dense and medium dense sands, 
element E4 moves down and to the right, with the vertical displacement being 
predominant, during the pile group loading. In contrast to the negligible horizontal 
displacement of soil element E2 on the left side of the right corner pile (due to the lateral 
confinement induced by the left corner pile), there is clear change in the horizontal 
displacement of element E4 (see Figure 6-24(a) and (b)) on the right side of the  right 
corner pile. Figure 6-26(c) and (d) show that element E4, in the medium dense and dense 
sands, undergoes large vertical compression and horizontal extension as well as shearing 
during the pile group loading. Due to the excessive distortion of element E4 in the 
medium dense sand, tracking of particles was lost before the end of the pile loading. 
6.4.2.5 Element E5 (x = 2Bp, z
*
 = 0) 
Figure 6-27 shows the displacement and deformation of soil element E5 during the 
pile group loading. Figure 6-27(a) and (b) show that the vertical and horizontal 
displacements of element E5 increase rapidly at the beginning of the pile group loading 
(until the pile group settlement reaches w ≈ 0.2Bp) for both the dense and medium dense 
sands; thereafter, the rate of increase in the vertical and horizontal displacements 
decreases. Figure 6-27(c) and (d) show that element E5 undergoes both vertical and 
horizontal compression during the pile group loading. The shear strain of element E5 for 
the dense sand reaches a peak (Exz = 1.04%) at w = 0.15Bp and then degrades. Similar 
trend is observed in the medium dense sand where the shear strain reaches a peak (Exz = 









  (a) (b) 
  (c) (d) 
Figure 6-27 Displacement and deformation of element E5 (x = 2.0Bp, z
*
 = 0) during axial 
loading of 1×2 pile groups installed in dense and medium dense sands. 
6.4.2.6 Element E6 (x = 0, z
*
 = 0.5Bp) 
Figure 6-28 shows the displacement and deformation of soil element E6 during the 
pile group loading. Figure 6-28(a) and (b) show that the soil element moves down in the 








moves up to v/Bp = 0.056 upon completion of the pile group loading. This reversal is less 
noticeable in the medium dense sand, where element E6 moves down to v/Bp = 0.066 
once the pile group settlement reaches w = 0.27Bp and then moves up very slowly to v/Bp 
= 0.060 upon completion of the pile group loading. Figure 6-28(c) and (d) show that for 
both the dense and medium dense sand samples, element E6 undergoes slight vertical 
compression until the pile group settlement of w = 0.1Bp and then it begins vertical 
extension. Vertical extension reverses slightly, for both the dense and medium dense 
sands, at later stages of the pile group settlement (w ≥ 0.6Bp). As shown in Figure 6-28(c) 
and (d), element E6 experiences horizontal compression from the beginning of the pile 
group loading; with the rate of increase in horizontal compression decreasing in the 
medium dense and dense sand samples toward the end of the pile group loading.  
 








  (c) (d) 
Figure 6-28 Displacement and deformation of element E6 (x = 0, z
*
 = 0.5Bp) during axial 
loading of 1×2 pile groups installed in dense and medium dense sands. 
6.4.2.7 Element E7 (x = 0.5Bp, z* = 0.5Bp) 
Figure 6-29 shows the displacement and deformation of soil element E7 during the 
pile group loading.  








  (c) (d) 
Figure 6-29 Displacement and deformation of element E7 (x = 0.5Bp, z
*
 = 0.5Bp) during 
axial loading of 1×2 pile groups installed in dense and medium dense sands. 
As shown in Figure 6-29(a) and (b), element E7 in the medium dense and dense 
sand samples moves down and to the left during the pile group settlement. The rate of the 
change in the vertical and horizontal displacements decreases toward the end of the pile 
group loading implying that the soil element stops moving before the pile group 
settlement terminates. As shown in Figure 6-29(c) and (d), element E7 experiences large 
vertical compression and horizontal extension as well as shearing during the pile group 
settlement. 
6.4.2.8 Element E8 (x = 1Bp, z
*
 = 0.5Bp) 
Figure 6-30 illustrates the displacement and deformation of soil element E8 below 
the right corner pile in the 1×2 pile group. As shown in Figure 6-30(a) and (b), element 
E8 moves down and slightly to the right in the medium dense and dense sand samples 








medium dense and dense sand samples, is extended horizontally and compressed 
vertically during the group settlement with no significant shearing distortion. 
 
  (a) (b) 
  (c) (d) 
Figure 6-30 Displacement and deformation of element E8 (x = 1Bp, z
*
 = 0.5Bp) during 








6.4.2.9 Element E9 (x = 1.5Bp, z
*
 = 0.5Bp) 
Figure 6-31 shows the displacement and deformation of soil element E9, below 
the right corner of the right corner pile, during the pile group loading.  
 
  (a) (b) 
  (c) (d) 
Figure 6-31 Displacement and deformation of element E9 (x = 1.5Bp, z
*
 = 0.5Bp) during 








Figure 6-31(a) and (b) show that the element E9, in the medium dense and dense 
sand samples, moves down and to the right during the pile group settlement; however the 
rate of increase in the vertical and horizontal displacements decreases after about 0.65Bp 
pile group settlement. Figure 6-31(c) and (d) show that element E9 undergo shearing, 
horizontal extension and vertical compression in the medium dense and dense sands such 
that at w = 0.8Bp, it has undergone Exx = -60.0%, Ezz = 11.2% and Exz = 46.2% in the 
dense sand sample and Exx = -61.2%, Ezz = 13.6% and Exz = 46.6% in the medium dense 
sand sample.  
6.4.2.10 Element E10 (x = 2.0Bp, z
*
 = 0.5Bp) 
Figure 6-32 shows the displacement and deformation of the soil element E10 
during the pile group loading.  
 










Figure 6-32 Displacement and deformation of element E10 (x = 2.0Bp, z
*
 = 0.5Bp) during 
axial loading of 1×2 pile groups installed in dense and medium dense sands. 
Figure 6-32(a) and (b) show that element E10 moves down and to the right, with 
its horizontal displacement being greater than its vertical displacement after the pile 
group settlement of w = 0.29Bp and 0.19Bp in the dense and medium dense sand samples, 
respectively. Figure 6-32(c) and (d) show that element E10 in the medium dense and 
dense sand samples undergoes vertical extension and horizontal compression throughout 
the pile group loading with the dense sand showing more vertical extension compared to 
the medium dense sand. A slight reversal in the vertical strain of element E10 is observed 
in the medium dense and dense sands after about 0.5Bp pile group settlement.  
6.4.2.11 Element E11 (x = 1.0Bp, z
*
 = 1Bp) 
Figure 6-33 shows the displacement and deformation of soil element E11, below 
the right corner pile in 1×2 pile groups, during the pile group loading. As shown in 








dense (u ≈ 0.05Bp and v = 0.44Bp at w = 0.8Bp) and medium dense (u ≈ 0.05Bp and v = 
0.41Bp at w = 0.8Bp) sand samples during the group settlement.  
 
  (a) (b) 
  (c) (d) 
Figure 6-33 Displacement and deformation of element E11 (x = 1.0Bp, z
*
 = 1Bp) during 








As shown in Figure 6-33(c) and (d), element E11, in the medium dense and dense 
sand samples, undergoes horizontal extension and vertical compression with negligible 
shear distortion. Similar to element E8 (see Figure 6-30), the deformation and 
displacement of element E11, for equal pile group settlement, is almost identical for both 
sand densities. 
6.4.2.12 Element E12 (x = 0, z
*
 = -0.5Bp) 
Figure 6-34 shows the displacement and deformation of soil element E12, on the 
mid-point of the pile group spacing, during the pile group loading.  
 








  (c) (d) 
Figure 6-34 Displacement and deformation of element E12 (x = 0, z
*
 = -0.5Bp) during 
axial loading of 1×2 pile groups installed in dense and medium dense sands. 
Figure 6-34(a) and (b) show that element E12 moves down rapidly at the initial 
stages of the pile group loading until about 0.15Bp group settlement. Thereafter, the rate 
of increase in the vertical displacement decreases. Figure 6-34(c) shows that element E12 
undergoes small vertical and horizontal compression until the group settlement of w = 
0.22Bp, when the horizontal unloading initiates and the element undergoes vertical 
compression and horizontal extension toward the end of pile group loading. Figure 
6-34(d) shows that element E12 in the medium dense sand undergoes horizontal 
compression during the pile group settlement. It also shows that until 0.2Bp pile group 
settlement, element E12 experiences vertical extension and thereafter it undergoes a 
vertical compression. The shear strain of element E12 in the medium dense and dense 








6.4.2.13 Profile of normalized horizontal displacement 
Figure 6-35 illustrates the normalized horizontal displacement of the dense (DR = 
83%) and medium dense (DR = 63%) sand samples along lines L1, L2, L3 and L4 at pile 















  (g) (h) 
Figure 6-35 Normalized horizontal displacement of sand for: (a) DR = 83% on line L1, (b) 
DR = 63% on line L1, (c) DR = 83% on line L2, (d) DR = 63% on line L2, (e) DR = 83% on 
line L3, (f) DR = 63% on line L3, (g) DR = 83% on line L4 and (h) DR = 63% on line L4. 
Figure 6-35(a) and (b) show no significant horizontal displacement between the 
piles in the medium dense and dense sand samples, which is due to lateral confinement 








Figure 6-35(c) and (d) show the normalized horizontal displacement of dense and 
medium dense sand samples, respectively, along line L2 extending from the center of the 
base of the corner pile (right pile in the 1×2 pile group) down to 6Bp below the pile base. 
Figure 6-35(c) and (d) show a rightward horizontal motion below the right corner pile at 
later stages of the group settlement (w = 0.5Bp and 0.8Bp), which is due to the presence of 
another pile at the left side of line L2 that imposes a lateral rightward displacement on the 
soil below the right corner pile. The effect of the nearby pile on the horizontal 
displacement is maximum at relative depths of z
*
 = 1.46Bp and 1.24Bp for the dense and 
medium dense sand samples, respectively.  
The normalized horizontal displacement of dense and medium dense sand 
samples on line L3 at x = 2Bp (on the right side of the right corner pile) extending from z
*
 
= -0.5Bp down to z
*
 = 6Bp is shown in Figure 6-35(e) and (f), respectively. It is seen in 
Figure 6-35(e) and (f) that the horizontal displacement reaches its peak below the level of 
the pile base and as the pile group settlement progresses, the peak moves down. Table 6-9 
summarizes the locations and the maximum and minimum horizontal displacements 
along line L3. A comparison between the mobilized horizontal displacement on line L3 
and the one on line L1 reflects the effect of lateral confinement between the piles on 

































0.05 1.54 0.0102 1.08 0.0070 6.0 0.0019 6.0 0.0008 
0.1 1.61 0.0201 1.15 0.0147 6.0 0.0047 6.0 0.0016 
0.5 1.61 0.0729 1.57 0.0507 6.0 0.0172 6.0 0.0068 
0.8 1.75 0.1012 1.72 0.0720 6.0 0.0249 6.0 0.0105 
 
It is clear from Table 6-9 that the value of the maximum horizontal displacement 
in the medium dense sand sample is smaller than that of the dense sand sample. It is also 
shown in Table 6-9 that, at a given pile group settlement, the maximum horizontal 
displacement of the dense sand on line L3 takes place slightly deeper than that of the 
medium dense sand. As shown in Table 6-9, the minimum value of normalized horizontal 
displacement for the medium dense sand is lower than that of the dense sand, which 
indicates that the horizontal displacement along line L3 for the medium dense sand 
decays faster than the dense sand.  
Figure 6-35(g) and (h) show the normalized horizontal displacement of dense and 
medium dense sand samples, respectively, along line L4 that is extended horizontally 
from the center of the soil domain at the base level of the pile group to 5Bp away from it. 








displacement at the left side of the right corner pile is approximately one third of the 
maximum absolute value of the normalized horizontal displacement at the right side of it, 
which is due to a lateral confinement between the piles. It is shown in Figure 6-35(g) and 
(h) that the absolute value of the horizontal displacement near the right side of the right 
corner pile (1.5Bp ≤ x ≤ 2Bp where the center of the right corner pile is at x = 1Bp) sharply 
increases until it reaches a peak and then it decays as it approaches the right boundary. 
The absolute value of the horizontal displacement near the left side of the right corner 
pile (0.5Bp ≤ x ≤ 1Bp) also rises and then decays rapidly toward the midpoint of the space 
between the piles.  
6.4.2.14 Profile of normalized vertical displacement 
Figure 6-36 presents the normalized vertical displacement of the dense (DR = 
83%) and medium dense sand (DR = 63%) samples along lines L1, L2, L3 and L4 at pile 






















Figure 6-36 Normalized vertical displacement of soil for: (a) DR = 83% on line L1, (b) DR 
= 63% on line L1, (c) DR = 83% on line L2, (d) DR = 63% on line L2, (e) DR = 83% on line 
L3, (f) DR = 63% on line L3, (g) DR = 83% on line L4 and (h) DR = 63% on line L4. 
Figure 6-36(a) and (b) show the variation of normalized vertical displacement 
between the piles in a 1×2 pile group (line L1). For both sand densities, at the beginning 
of the loading and up to 0.1Bp pile group settlement, the normalized vertical displacement 
gradually decreases from top to bottom of line L1. At later stages of the pile group 
settlement (w = 0.5Bp and 0.8Bp) the vertical displacement along line L1, from top to 
bottom, decreases down to 0.5Bp below the base level of the pile groups (z
*
 = 0.5Bp) and 
then it increases until it reaches a peak at z
*
 ≈ 2Bp, where it decays down to the bottom of 
the visible soil domain. It can be suggested that near the base level of the piles and 
between them the force imposed by the piles is more horizontal than vertical which does 
not result in significant vertical motion and as the depth increases the vertical component 
of the forces impose by the vertical displacement of the piles magnify each other and 








that the rate of decay of the vertical displacement is lower in the dense sand than in the 
medium dense sand indicating that a larger volume of sand, below the pile groups, is 
displaced vertically in the dense sand compared to the medium dense sand. Figure 
6-36(c) and (d) show the variation of the normalized vertical displacement of the dense 
and medium dense sand samples below the right corner pile in 1×2 pile groups (line L2). 
Similar to what we observed for single piles (see Figure 6-15(a) and (b)), the vertical 
displacement decays along line L2 below the center of the pile and the decay rate is faster 
for the medium dense sand than for the dense sand. Figure 6-36(e) and (f) show the 
change in the normalized vertical displacement in dense and medium dense sands, 
respectively, along line L3, 0.5Bp away from the right corner pile (x = 2.0Bp). The 
response of soil on line L3 is very similar to what we observed on line L1, with the 
distinction that the vertical displacement on line L1 is greater than line L3, since the soil 
on line L1 is driven down by two piles, while line L3 is majorly affected only by one pile. 
Figure 6-36(g) and (h) show the change in the normalized vertical displacement on the 
horizontal line L4 extending from the mid-point of the pile group spacing to the right 
boundary of the visible soil domain (x = 5Bp). As expected, the maximum vertical 
displacement takes place immediately below the pile base (0.5Bp ≤ x ≤ 1.5Bp) and then 
decays rapidly toward the right end of line L4; the decay rate is slightly higher for the 








6.4.2.15 Profile of horizontal deformation  
Figure 6-37 presents the horizontal deformation of the dense (DR = 83%) and 
medium dense sand (DR = 63%) samples along lines L1, L2, L3 and L4 at group 












  (e) (f) 
  (g) (h) 
Figure 6-37 Horizontal deformation Exx of soil for: (a) DR = 83% on line L1, (b) DR = 63% 
on line L1, (c) DR = 83% on line L2, (d) DR = 63% on line L2, (e) DR = 83% on line L3, (f) 
DR = 63% on line L3, (g) DR = 83% on line L4 and (h) DR = 63% on line L4. 
Figure 6-37(a) and (b) show the horizontal deformation of the dense and medium 
dense sands on line L1 between the piles of 1×2 pile groups. Figure 6-37(a) and (b) show 








up to its maximum value around 1Bp below the base level of pile groups. Table 6-10 
summarizes the vertical positions and values of the maximum horizontal strain as well as 
the value of the horizontal strain at the top and bottom of line L1 for both the dense and 
medium dense sand samples. 
 






Maximum horizontal compression 
Horizontal strains at the top and 
the bottom of line L1 
DR = 83% DR = 63% DR = 83% DR = 63% 
z
*
/Bp Exx (%) z
*

















0.05 0.90 0.39 0.86 0.75 0.05 -0.1 0.27 -0.04 
0.1 0.90 0.90 0.94 1.54 0.03 -0.28 0.31 -0.11 
0.5 0.97 10.19 0.86 10.77 -0.21 -0.87 0.31 -0.48 
0.8 1.12 14.62 1.15 15.72 -0.52 -1.27 0.34 -0.72 
 
Close observation of the maximum values of the horizontal strain in Table 6-10 
reveals that the medium dense sand undergoes greater horizontal compression on line L1 
than the dense sand. It also shows that, in general, the position of the maximum 
horizontal compression moves down for both the dense and medium dense sands as the 
pile group loading continues. Column 6 of Table 6-10 shows that the dense sand 








group loading. For the medium dense sand, this trend is not observed; as Column 8 of 
Table 6-10 shows the soil at the top of line L1 remains under horizontal compression 
throughout the pile group settlement.  
Figure 6-37(c) and (d) show horizontal deformation of soil on line L2 below the 
corner pile (right pile) of 1×2 pile groups. As opposed to what we observed between the 
piles (line L1), the soil below the corner pile (line L2) undergoes horizontal extension all 
the way down to the visible boundary of the soil domain. Table 6-11 lists the values and 
vertical position of the maximum and minimum horizontal strains for different stages of 
the pile loading.  
 





Maximum horizontal strain Minimum horizontal strain 
DR = 83% DR = 63% DR = 83% DR = 63% 
z
*
/Bp Exx (%) z
*
/Bp Exx (%) z
*
/Bp Exx (%) z
*
/Bp Exx (%) 
0.05 1.34 -0.92 1.00 -0.99 6.0 -0.08 6.0 -0.03 
0.1 1.34 -2.09 1.06 -2.24 6.0 -0.19 6.0 -0.05 
0.5 1.06 -17.12 1.00 -17.82 6.0 -0.70 6.0 -0.35 
0.8 1.11 -34.13 1.12 -33.68 6.0 -1.02 6.0 -0.55 
 
Table 6-11 shows that the maximum horizontal extension is similar for the dense 
and medium dense sands taking place between relative depths z
*
 = 1Bp and z
*








Figure 6-37(e) and (f) show horizontal deformation of soil on line L3 (outside the 
pile groups) at different stages of the pile group settlement. The general response of 
dense and medium dense sands is similar to what observed for line L1 (inside the pile 
groups) with two distinction: 1) the magnitude of the horizontal compression on line L1 is 
greater than line L3, presumably due to a lateral confinement provided by two piles and 2) 
the dense sand at the initial stages of pile group settlement is under horizontal extension 
on the upper part of line L1, while it remains under compression on the upper part of line 
L3 throughout the group settlement. Figure 6-37(g) and (h) show the horizontal 
deformation of soil on line L4 extending from the mid-point of the pile group spacing to 
the right boundary of the soil visible domain (x = 5Bp) at different stages of the pile group 
settlement. It is seen in Figure 6-37(g) and (h) that at later stages of the group settlement 
(w = 0.5Bp and 0.8Bp), in the medium dense and dense sand samples, soil elements below 
the center of the pile base (x = 1Bp) experiences much less horizontal extension compared 
to the soil at the pile corners where large horizontal extension takes place. Horizontal 
extension at the left corner of the right pile is slightly lower than its right corner, majorly 
due to a lateral confinement produced by the nearby pile at the left side. 
6.4.2.16 Profile of vertical deformation  
Figure 6-38 show the vertical deformation of dense (DR = 83%) and medium 
dense (DR = 63%) sand samples at normalized pile group settlements of w/Bp = 0.05, 0.1, 
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  (e) (f) 
  
(g) (h) 
Figure 6-38 Vertical deformation Ezz of soil for: (a) DR = 83% on line L1, (b) DR = 63% 
on line L1, (c) DR = 83% on line L2, (d) DR = 63% on line L2, (e) DR = 83% on line L3, (f) 
DR = 63% on line L3, (g) DR = 83% on line L4 and (h) DR = 63% on line L4. 
Figure 6-38(a) and (b) show that, at w = 0.05Bp and 0.1Bp, both the dense and 
medium dense sands on line L1 are under vertical compression. As the loading progresses 
(w = 0.5Bp and 0.8Bp) the upper (z
* 
< 0.5Bp) and lower (z
* 








remains under vertical compression while the middle part (0.5Bp< z
* 
< 2.5Bp) undergoes 
vertical extension. Combining this observation with what shown in Figure 6-37(a) and 
(b), where a large horizontal compression was observed almost at the same zone (0.5Bp < 
z
* 
< 2.5Bp), it can be hypothesized that due to Poisson’s effect, the horizontal 
compression on the soil causes vertical extension in dense and medium dense sands. 
Figure 6-38(c) and (d) show vertical deformation of soil below the base of the corner pile 
(right pile) during the pile group settlement. It is clear from Figure 6-38(c) and (d) that 
dense and medium dense sands undergo vertical compression below the pile base with a 
peak forming about 1Bp below the pile base. As shown in Figure 6-38(c) and (d), medium 
dense sand sample down to z
* ≈ 5Bp undergoes more compression for the same amount of 
pile group settlement compared to the dense sand sample. Figure 6-38(e) and (f) show the 
vertical deformation of dense and medium dense sands on line L3 outside the pile groups 
during pile group loading. The response of soil along line L3 for both the dense and 
medium dense sands is very similar to what observed along line L1 (Figure 6-38(a) and 
(b)), with less vertical extension within 0.5Bp < z
* 
< 2.5Bp. Comparing with horizontal 
deformation of line L3 (see Figure 6-38(e) and (f)), the Poisson’s effect can be regarded 
as the major cause of the vertical extension along line L3 and within 0.5Bp < z
* 
< 2.5Bp. 
Figure 6-38(g) and (h) illustrate vertical deformation of the dense and medium dense 
sand samples along line L4 at the base level of pile groups extending from the mid-point 
of the pile group spacing to x = 5Bp. It is evident from Figure 6-38(g) and (h) that dense 
and medium dense sand samples undergo vertical compression below the pile base during 
the pile group loading The vertical compression decreases as the horizontal distance from 








6.4.2.17 Profile of shear deformation  
Figure 6-39 show the shear deformation of the dense (DR = 83%) and medium 
dense (DR = 63%) sand samples at the pile group settlements of w = 0.05Bp, 0.1Bp, 0.5Bp 












  (e) (f) 
  
(g) (h) 
Figure 6-39 Shear deformation Exz of soil for: (a) DR = 83% on line L1, (b) DR = 63% on 
line L1, (c) DR = 83% on line L2, (d) DR = 63% on line L2, (e) DR = 83% on line L3, (f) DR 
= 63% on line L3, (g) DR = 83% on line L4 and (h) DR = 63% on line L4. 
Figure 6-39 (a) and (b) show shear deformation of soil elements along line L1 
extending from z
*
 = -0.5Bp to z
*
 = 6Bp at the mid-point of the pile group spacing (x = 0). 








through (h)), the shear strain on line L1 is relatively small, which indicates that the soil 
within the space between the piles does not undergo a large shear distortion during the 
pile group loading. Figure 6-39(c) and (d) show the variation of shear strain below the 
base of the right corner pile at different stages of pile group loading. It is shown in Figure 
6-39(c) and (d) that at the initial stages of group loading (w = 0.05Bp and 0.1Bp), no 
significant shearing takes place below the corner pile, whereas at later stages of group 
loading (w = 0.5Bp and 0.8Bp) clear shear deformation takes place below the pile base 
with the maximum shearing taking place at z
*
 ≈ 0.5Bp in the medium dense and dense 
sands. Figure 6-39(e) and (f) show the variation of the shear strain on line L3 outside the 
pile groups. It is shown in Figure 6-39(e) and (f) that, from the top to bottom of line L3, 
shear distortion of dense and medium dense sand samples initially decreases toward z
* ≈ 
0.5Bp and then increases until it reaches a peak at about 2Bp below the pile base level. 
Table 6-12 summarizes the vertical positions and values of the maximum shear strain on 
line L3 for dense and medium dense sands. 
As shown in Table 6-12, at w = 0.05Bp, for both sand densities, the maximum 
shear strain takes place at the top of line L3. For w ≥ 0.1Bp, the maximum shear strain in 
the dense sand takes place below the base level of pile groups and moves down as the 
pile group settlement increases. For the medium dense sand, the maximum shearing takes 
place at z
*
 = -0.5Bp (above the level of the pile base) for w ≤ 0.1Bp. For w = 0.5Bp and 
0.8Bp the position of the maximum shear strain of the medium dense sand sample moves 















Maximum shear strain 
DR = 83% DR = 63% 
z
*
/Bp Exz (%) z
*
/Bp Exz (%) 
0.05 -0.5 0.79 -0.5 0.8 
0.1 1.5 1.52 -0.5 1.32 
0.5 1.75 5.31 1.79 4.05 
0.8 2.0 7.33 2.0 5.72 
 
Figure 6-39(g) and (h) show the profile of the shear strain on the horizontal line 
L4 extending from the mid-point of pile group spacing at the base level of pile groups 
toward x = 5Bp. As shown in Figure 6-39(g) and (h), the maximum shear distortion along 
line L4, in dense and medium dense sand samples, takes place around the perimeter of the 
pile base (x ≈ 0.5Bp and 1.5Bp). Shear deformation in the medium dense and dense sands 
degrades rapidly toward x ≈ 2.5Bp (1Bp away from the right side of the corner pile). 
Figure 6-39(g) and (h) also show that the shear deformation at x = 0 (mid-point of the pile 









6.5 Analysis of 1×3 Pile Groups 
6.5.1 Pile response 
The load-settlement responses of axially loaded 1×3 pile groups embedded in the 




Figure 6-40 Load-settlement response of 1×3 pile groups embedded in dense and medium 
dense sands.  
Figure 6-40 shows that, for equal pile group settlement, the total load applied on 
the 1×3 pile group in the dense sand sample is larger than that for the pile group in the 
medium dense sand sample. As shown Figure 6-40, the rate of increase in the total load 
changes remarkably at a larger settlement for the pile group in the dense sand sample (w 
≈ 0.29Bp) than in the medium dense sand sample (w ≈ 0.21Bp); comparing these values 








6-18) reveals that the settlement at which the rate of increase in the total load changes 
significantly increases as the number of piles increases. 
Figure 6-41 shows the loads carried by the head, shaft and base of the center and 
right corner piles in 1×3 pile groups embedded in the dense and medium dense sand 
samples. Figure 6-41 shows that head, shaft and base resistances of the piles in the dense 
sand are greater than those in the medium dense sand during the pile group settlement. As 
shown in Figure 6-41, a peak in the total shaft resistance of the center pile is clear for 
both the dense and medium dense sands, whereas for the corner pile, in the medium 













Figure 6-41 Load-settlement response of piles in 1×3 pile groups: (a) center pile in the 
dense sand (DR = 82%), (b) corner pile in the dense sand (DR = 82%), (c) center pile in 
the medium dense sand (DR = 66%) and (d) corner pile in the medium dense sand (DR = 
66%). 
Figure 6-41(a) shows that the total shaft resistance of the center pile in the dense 
sand sample is greater than its base resistance throughout the pile group loading. Also, 
Figure 6-41(a) shows a local peak in the shaft resistance of center pile (Qs,peak = 3.06 kN) 
in the dense sand for w = 0.30Bp. For the corner pile in the dense sand, as shown in 
Figure 6-41(b), the shaft resistance is greater than the base resistance up to w = 0.52Bp, 
when it becomes lower than the base resistance until the end of pile group loading. Figure 
6-41(c) shows that the total shaft resistance of the center pile in the medium dense sand is 
superior to its base resistance until the group settlement of w = 0.47Bp and then the base 
resistance surpasses it. As shown in Figure 6-41(c), a peak is observed in the shaft 
resistance of the center pile in the medium dense sand (Qs,peak = 1.31 kN) sample at w = 








until group settlement of w = 0.12Bp, the shaft resistance is less than the base resistance 
during the pile group settlement.  
Figure 6-42 shows the group efficiency of the 1×3 pile groups throughout the pile 
group settlement.  
 
 
Figure 6-42: Group efficiency of 1×3 pile groups with pile-to-pile spacing s = 2Bp 
embedded in dense and medium dense sand samples. 
As shown in Figure 6-42, the group efficiency, except for the very early stage of 
the group loading, is minimum at w = 0.11Bp (η = 61%) and w = 0.09Bp (η = 70%) for the 
dense and medium dense sands, respectively. The group efficiency increases then until 
the group settlement of w = 0.34Bp (η = 97%) and w = 0.26Bp (η = 96%) for the dense 
and medium dense sands, respectively. The group efficiency slowly decreases until the 
end of load tests such that at w = 0.8Bp, the group efficiency is η = 91% for dense and 








Figure 6-43 shows the lateral stress generated on the shaft (z
*
 = -6.74Bp) of the 
center and right corner piles.  
 
  (a) (b) 
Figure 6-43 Lateral stress on piles in 1×3 pile groups embedded in dense and medium 
dense sand samples at z
*
 = -6.74Bp: (a) center piles and (b) corner piles. 
Figure 6-43 shows that the lateral stress on the piles embedded in the dense sand 
is greater than that of the piles embedded in the medium dense sand as the settlement of 
the pile group increases. Also, it is clear that the lateral stress on the corner pile is greater 
than the lateral stress on the center pile. The lateral stresses, corresponding to w = 0.8Bp, 
on the center piles embedded in the dense and medium dense sands are σˊh = 77 kPa and 
σˊh = 40 kPa, respectively. For the same group settlement, the lateral stresses on the 
corner piles in the dense and medium dense sands are σˊh = 153 kPa and σˊh = 60 kPa, 
respectively. From Figure 6-43 it can be concluded that, in general, the lateral stress on 
the corner piles is greater than the center piles at z
*








6.5.2 Soil response 
Similar to single piles and 1×2 pile groups, DIC technique was used to study the 
response of soil elements near the model piles in 1×3 pile groups embedded in dense (DR 
= 82%) and medium dense (DR = 66%) sand samples. Figure 6-44 illustrates the position 
of the elements and the lines that are used in the DIC analysis of 1×3 pile groups. 
 
 
Figure 6-44 Position of the elements and line around the base of 1×3 pile group that are 
used for DIC analyses. 
In the DIC analyses presented next, the normalized horizontal u/Bp and vertical 
v/Bp displacement are computed and compared for tests in the dense and medium dense 
sand samples. In addition, the horizontal Exx, vertical Ezz and in-plane shear Exz 








6.5.2.1 Element E1 (x = 0.5Bp, z
*
 = 0) 
The displacement and deformation of element E1 at the perimeter of the center 
pile and at the base level of the pile group is shown in Figure 6-45 for the dense (DR = 




  (c) (d) 
Figure 6-45 Displacement and deformation of element E1 (x = 0.5Bp, z
*
 = 0Bp) during 








Figure 6-45(a) and (b) show that element E1 moves down and slightly to the right 
during the pile group loading in the medium dense and dense sands. Figure 6-45(c) and 
(d) show that element E1 in the medium dense and dense sands undergoes large vertical 
compression and horizontal extension coupled with a large shearing during the pile group 
loading. At group settlement of w = 0.8Bp, element E1 experiences Exx = -118%, Ezz = 
33.5% and Exz = 23.3% in the dense sand and Exx = -128.5%, Ezz = 32.2% and Exz = 
32.3% in the medium dense sand.  
6.5.2.2 Element E2 (x = 1Bp, z
*
 = 0) 
Figure 6-46 shows the displacement and deformation of element E2 between the 
center and right corner piles at the base level of 1×3 pile groups for the dense (DR = 82%) 














Figure 6-46 Displacement and deformation of element E2 (x = 1Bp, z
*
 = 0) during axial 
loading of 1×3 pile groups installed in dense and medium dense sands. 
Figure 6-46(a) indicates that element E2 moves down until v = 0.094Bp 
corresponding to the group settlement of w = 0.28Bp, and then it slowly moves up. Figure 
6-46(a) shows that the horizontal displacement of element E2 in the dense sand slowly 
increases during the pile group settlement until it reaches u = 0.018Bp at the end of the 
group settlement. For the medium dense sand, as shown in Figure 6-46(b), element E2 
moves down up to v = 0.078Bp corresponding to the group settlement of w = 0.25Bp, after 
which it nearly stops vertical motion. Figure 6-46(c) and (d) show that element E2 
undergoes vertical and horizontal compression with no significant shearing in the 
medium dense and dense sands. As shown in Figure 6-46(c) and (d) and as observed also 
in the case of 1×2 pile groups (see Figure 6-23), element E2 (E1 for 1×2 pile groups), 
which is located at the mid-distance of two neighboring piles, undergoes a horizontal 








group, takes place at w = 0.37Bp for the dense sand and w = 0.43Bp for the medium dense 
sand. 
6.5.2.3 Element E3 (x = 2.5Bp, z
*
 = 0) 
Figure 6-47 shows the displacement and deformation of element E3 at the right 
side of the corner pile in 1×3 pile groups for the dense (DR = 82%) and the medium dense 
(DR = 66%) sand samples. It should be noted that the tracking of particle was lost for 













  (c) (d) 
Figure 6-47 Displacement and deformation of element E3 (x = 2.5Bp, z
*
 = 0) during axial 
loading of 1×3 pile groups installed in dense and medium dense sands. 
Figure 6-47 shows that the response of element E3 in the medium dense and dense 
sands is very similar to element E1 (see Figure 6-45(a) and (b)). For comparison, the 
displacement and deformation of element E1 and E3 in the dense and medium dense sand 
samples at w = 0.5Bp have been listed in Table 6-13 and Table 6-14, respectively. 
 
Table 6-13 Displacement and deformation of soil elements E1 and E3 in the dense sand at 
w = 0.5Bp. 
Element 
ID 
u/Bp v/Bp Exx (%) Ezz (%) Exz (%) 
E1 0.047 0.31 -38.90 17.40 22.50 










Table 6-14 Displacement and deformation of soil elements E1 and E3 in the medium 
dense sand at w = 0.5Bp. 
Element 
ID 
u/Bp v/Bp Exx (%) Ezz (%) Exz (%) 
E1 0.05 0.28 -43.50 17.13 26.45 
E3 0.07 0.28 -48.04 20.55 26.04 
 
It can be concluded from Table 6-13 and Table 6-14 that while the vertical 
displacements of element E1 and E3 is identical for a similar pile group settlement, the 
horizontal displacement of element E1 is smaller than that of element E3 in the medium 
dense and dense sands, mainly due to a lateral confinement that is induced on element E1 
by the nearby corner pile. Table 6-13 and Table 6-14 show that for w = 0.5Bp, element E1 
undergoes less horizontal extension, more vertical compression and similar shearing as 
compared to element E3, for both the dense and medium dense sands. This confirms the 
effect of lateral confinement on the difference between the response of element E1 and E3 
6.5.2.4 Element E4 (x = 3Bp, z
*
 = 0) 
Figure 6-48 shows the displacement and deformation of element E4, 0.5Bp away 
horizontally from the right side of the right corner pile in 1×3 pile groups for the dense 












  (c) (d) 
Figure 6-48 Displacement and deformation of element E4 (x = 3Bp, z
*
 = 0) during axial 
loading of 1×3 pile groups installed in dense and medium dense sands. 
Figure 6-48(a) and (b) show that element E4 moves down and to the right in the 
medium dense and dense sands. Figure 6-48(c) and (d) show that element E4, in the 








settlement. The shear strain of element E4 reaches a peak in the dense and medium dense 
sands at w = 0.18Bp and w = 0.21Bp, respectively and then drops.  
6.5.2.5 Element E5 (x = 0.5Bp, z
*
 = 0.5Bp) 
Figure 6-49 shows the displacement and deformation of element E5 below the 
right side of the center pile in 1×3 pile groups for the dense (DR = 82%) and the medium 
dense (DR = 66%) sand samples. It should be noted that the tracking of particle was lost 
for the medium dense sand after the pile group settlement of w = 0.61Bp. 
Figure 6-49(a) and (b) show that for both sand densities, element E5 moves down 
and to the right during the pile group settlement. Figure 6-49(c) and (d) show that for 
both the dense and medium dense sands, element E5 undergoes vertical compression and 












  (c) (d) 
Figure 6-49 Displacement and deformation of element E5 (x = 0.5Bp, z
*
 = 0.5Bp) during 
axial loading of 1×3 pile groups installed in dense and medium dense sands. 
6.5.2.6 Element E6 (x = 1Bp, z
*
 = 0.5Bp) 
Figure 6-50 shows the displacement and deformation of element E6 at z
*
 = 0.5Bp 
between the center and right corner piles in 1×3 pile groups for the dense (DR = 82%) and 
the medium dense (DR = 66%) sand samples.  








  (c) (d) 
Figure 6-50 Displacement and deformation of element E6 (x = 1Bp, z
*
 = 0.5Bp) during 
axial loading of 1×3 pile groups installed in dense and medium dense sands. 
The drop that we observed in the vertical displacement of element E2 (see Figure 
6-46(a) and (b)) is amplified for element E6 at w ≈ 0.35Bp for both the dense and medium 
dense sands as shown in Figure 6-50(a) and (b). As shown in Figure 6-50(a) and (b), 
element E6 in the medium dense and dense sands undergoes a rightward horizontal 
displacement during the pile group settlement with the dense sand showing greater 
horizontal displacement than the medium dense sand. Figure 6-50(c) and (d) show a very 
similar strain response for dense and medium dense sands: slight vertical compression up 
to w ≈ 0.2Bp followed by vertical extension and horizontal compression with no 
significant shearing. This strain response is very similar to what observed for element E6 
at z
*
 = 0.5Bp between piles of 1×2 pile groups (see Figure 6-28(c) and (d)). As 








vertical extension of element E6 is due to lateral compression imposed by nearby piles 
and through the Poisson’s effect.  
6.5.2.7 Element E7 (x = 2.5Bp, z
*
 = 0.5Bp) 
Figure 6-51 shows the displacement and deformation of element E7 at z
*
 = 0.5Bp 
below the right side of the right corner pile in the 1×3 pile group for the dense (DR = 
82%) and the medium dense (DR = 66%) sand samples.  
 
 








  (c) (d) 
Figure 6-51 Displacement and deformation of element E7 (x = 2.5Bp, z
*
 = 0.5Bp) during 
axial loading of 1×3 pile groups installed in dense and medium dense sands. 
Figure 6-51(a) and (b) show that element E7 moves down and to the right in the 
medium dense and dense sands with pile group settlement, with greater vertical and 
horizontal displacements observed for the dense sand than for the medium dense sand. As 
shown in Figure 6-51(c) and (d), element E7 undergoes horizontal extension, vertical 
compression and shearing during the pile group settlement.  
6.5.2.8 Element E8 (x = 3Bp, z
*
 = 0.5Bp) 
Figure 6-52 shows the displacement and deformation of element E8 at z
*
 = 0.5Bp 
and x = 3Bp (0.5Bp away horizontally from the right side of the right corner pile in the 
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(c) (d) 
Figure 6-52 Displacement and deformation of element E8 (x = 3Bp, z
*
 = 0.5Bp) during 
axial loading of 1×3 pile groups installed in dense and medium dense sands. 
Figure 6-52(a) and (b) show that the vertical displacement of element E8 is greater 
than its horizontal displacement up to pile group settlement of w = 0.29Bp and 0.25Bp for 
the dense and medium dense sands, respectively; thereafter, the horizontal displacement 








6-52(c) and (d) show that element E8 undergoes horizontal compression, vertical 
compression and shearing in the medium dense and dense sand samples during the pile 
group settlement. The shear strain degrades when the pile group settlement reaches w = 
0.27Bp and 0.24Bp in the dense and medium dense sands, respectively. Figure 6-52(c) and 
(d) show that the vertical and horizontal strains in the medium dense and dense sand 
samples become unchanged after about 0.6Bp group settlement. 
6.5.2.9 Element E9 (x = 0, z
*
 = 1Bp) 
Figure 6-53 shows the displacement and deformation of element E9 below the 
center pile in the 1×3 pile group for the dense (DR = 82%) and the medium dense (DR = 
66%) sand samples. As shown in Figure 6-53(a) and (b), element E9 moves in the 
medium dense and dense sands. Figure 6-53(c) and (d) show that element E9 undergoes 
vertical compression and horizontal extension with no significant shearing in the medium 
dense and dense sands, respectively. At w = 0.8Bp, element E9 experiences Exx = -32.6%, 
Ezz = 30.6% and Exz = 1.53% in the dense sand and Exx = -30.3%, Ezz = 32.5% and Exz = -
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  (c) (d) 
Figure 6-53 Displacement and deformation of element E9 (x = 0, z
*
 = 1Bp) during axial 
loading of 1×3 pile groups installed in dense and medium dense sands. 
6.5.2.10 Element E10 (x = 2Bp, z
*
 = 1Bp) 
Figure 6-54 shows the displacement and deformation of element E10 below the 
right corner pile in the 1×3 pile group for the dense (DR = 82%) and the medium dense 
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  (c) (d) 
Figure 6-54 Displacement and deformation of element E10 (x = 2Bp, z
*
 = 1Bp) during axial 
loading of 1×3 pile groups installed in dense and medium dense sands. 
Figure 6-54(a) and (b) show that element E10 continuously move down and to the 
right in the medium dense and dense sand samples during the pile group settlement. In 








element E10 moves visibly to the right during the group settlement, implying a lateral 
displacement induced by the center pile, whereas for element E9, the lateral effects 
induced by the both corner piles on its horizontal displacement are neutralized. Figure 
6-54(c) and (d) show that element E10, for both sand densities, undergoes vertical 
compression and horizontal extension with no significant shearing during the pile group 
settlement. At w = 0.8Bp, element E10 experiences Exx = -35.6%, Ezz = 31.7% and Exz = 
0.25% in the dense sand and Exx = -39.8%, Ezz = 31.2 and Exz = -0.9% in the medium 
dense sand. Comparing the horizontal strain of element E10 at w = 0.8Bp with what 
observed for element E9, it can be seen that the horizontal extension is slightly restrained 
for element E9 below the center pile due to the presence of two piles on its either side.  
6.5.2.11 Element E11 (x = 1Bp, z
*
 = -0.5Bp) 
Figure 6-55 shows the displacement and deformation of soil element E11 between 
the center and corner piles, 0.5Bp above the base level of the 1×3 pile group for the dense 
(DR = 82%) and the medium dense (DR = 66%) sand samples.  










Figure 6-55 Displacement and deformation of element E11 (x = 1Bp, z
*
 = -0.5Bp) during 
axial loading of 1×3 pile groups installed in dense and medium dense sands. 
As shown in Figure 6-55(a) and (b) element E11 in the medium dense and dense 
sands moves down and to the right, with the rate of increase in the vertical displacement 
decreasing after group settlement of w ≈ 0.2Bpdecree As shown in Figure 6-55(c) and (d), 
element E11 undergoes vertical compression in the medium dense and dense sands. For 
the dense sand, element E11 undergoes small horizontal compression until pile group 
settlement of ≈ 0.3Bp where it undergoes horizontal extension. For the medium dense 
sand, element E11 undergoes small horizontal compression throughout the pile group 
settlement. As shown in Figure 6-55(c) and (d), element E11 experiences no significant 








6.5.2.12 Element E12 (x = 3Bp, z
*
 = -0.5Bp) 
Figure 6-56 shows the displacement and deformation of soil element E12 on the 
right side of the the right corner pile, 0.5Bp above the base level of the 1×3 pile group for 
the dense (DR = 82%) and the medium dense (DR = 66%) sand samples.  
 
  (a) (b) 
  (c) (d) 
Figure 6-56 Displacement and deformation of element E12 (x = 3Bp, z
*
 = -0.5Bp) during 








Figure 6-56(a) and (b) show that  element E12 in the dense and medium dense 
sands moves down and to the right. Comparing the response of element E11 and E12, it 
can be see that element E11 experiences more vertical displacement and less horizontal 
displacement, the response that clearly reflects the effect of the confinement induced by 
two piles on both sides of element E11. As shown in Figure 6-56(c) and (d), element E12 
undergoes small vertical extension and horizontal compression and a significant shearing 
in the medium dense and dense sands throughout the pile group settlement.  
6.5.2.13 Profile of horizontal displacement 
Figure 6-57 illustrates the normalized horizontal displacement of the dense (DR = 
82%) and medium dense sand samples (DR = 66%) along lines L1 through L5 (see Figure 
6-44) at pile group normalized settlement of w/Bp = 0.05, 0.1, 0.5 and 0.8. 
 




















  (i) (j) 
Figure 6-57 Normalized horizontal displacement u/Bp of soil for: (a) DR = 82% on line L1, 
(b) DR = 66% on line L1, (c) DR = 82% on line L2, (d) DR = 66% on line L2, (e) DR = 82% 
on line L3, (f) DR = 66% on line L3, (g) DR = 82% on line L4, (h) DR = 66% on line L4, (i) 
DR = 82% on line L5 and (j) DR = 66% on line L5. 
As shown in Figure 6-57(a) and (b), no significant horizontal displacement takes 
place below the center pile of 1×3 pile groups in the medium dense and dense sand 








and medium dense sand samples, respectively, along line L2 extending from the mid-
point of the spacing between the center pile and the right corner pile down to 6Bp below 
the base level of the pile groups. Figure 6-57(c) and (d) show a very slight right-ward 
horizontal motion below base level of the pile group at later stages of the group loading 
(w = 0.5Bp and 0.8Bp) in the dense sand, which can be attributed to the presence of two 
piles on the left side of line L2 and their lateral effect on line L2. Figure 6-57(e) and (f) 
show the normalized horizontal displacement of dense and medium dense sand samples, 
respectively, along line L3 extending from the center of the right corner pile down to 6Bp 
below the pile base. Figure 6-57(e) and (f) show a rightward horizontal motion below the 
right corner pile at later stages of the group loading (w = 0.5Bp and 0.8Bp) which is due to 
the presence of two piles at the left side of line L3 that impose a lateral rightward 
displacement on the soil below the right corner pile. The normalized horizontal 
displacement of dense and medium dense sands on line L4 at x = 3Bp extending from z
*
 = 
-0.5Bp down to z
*
 = 6Bp is shown in Figure 6-57(g) and (h), respectively. It is shown in 
Figure 6-57(g) and (h) that the maximum horizontal displacement in the dense sand is 
greater than that of the medium dense sand. It is also shown that the horizontal 
displacement reaches its peak below the level of the pile base; it is observed that as the 
pile loading progresses, the peak moves down.  
Table 6-15 lists the locations and the maximum and minimum horizontal 
displacements along line L4. A comparison between the mobilized horizontal 
displacement on line L4 and the one on line L2 reveals the effect of lateral confinement 
between the piles on restraining the lateral motion of the soil between them. It is clear 








in the medium dense sand sample is smaller than that of the dense sand sample. Also, it is 
shown in Table 6-15 that the maximum horizontal displacement of the dense and medium 
dense sands on line L4 takes place at about the same location. As shown in Table 6-15, 
the minimum value of normalized horizontal displacement for the medium dense sand is 
lower than that of the dense sand, indicating that the horizontal displacement along line 
L4 in the medium dense sand decays faster than the dense sand.  
 
Table 6-15 Vertical positions and the maximum and minimum horizontal displacements 



















0.05 1.05 0.010 0.97 0.005 6.0 0.003 6.0 0.001 
0.1 1.26 0.020 1.28 0.012 6.0 0.006 6.0 0.002 
0.5 1.54 0.074 1.57 0.055 6.0 0.021 6.0 0.011 
0.8 1.74 0.102 1.78 0.078 6.0 0.030 6.0 0.015 
 
Figure 6-57(i) and (j) show the normalized horizontal displacement of the dense 
and the medium dense sand samples, respectively, along line L5 that is extended 
horizontally from the center of the center pile at the base level of 1×3 pile groups to 5Bp 
away from it. Figure 6-57(i) and (j) show that the absolute value of the normalized 








value of the normalized horizontal displacement at the right side of it, which is due to a 
further lateral confinement between the piles. It is shown in Figure 6-57(i) and (j) that the 
absolute value of the horizontal displacement next to the right side of the right corner pile 
sharply increases until it reaches a peak and then it decays as it approaches the right 
boundary (x = 5Bp). The absolute value of the horizontal displacement next tp the left side 
of the right corner pile also rises and then decays rapidly toward the midpoint of the 
space between the piles.  
6.5.2.14 Profile of vertical displacement 
Figure 6-58 presents the normalized vertical displacement of the dense (DR = 
82%) and medium dense sand (DR = 66%) samples along lines L1 through L5 at the pile 
group normalized settlements of w/Bp = 0.05, 0.1, 0.5 and 0.8. 
 






















Figure 6-58 Normalized vertical displacement v/Bp of soil for: (a) DR = 82% on line L1, 
(b) DR = 66% on line L1, (c) DR = 82% on line L2, (d) DR = 66% on line L2, (e) DR = 82% 
on line L3, (f) DR = 66% on line L3, (g) DR = 82% on line L4, (h) DR = 66% on line L4, (i) 
DR = 82% on line L5 and (j) DR = 66% on line L5. 
Figure 6-58(a) and (b) show the variation of the normalized vertical displacement 
below the center pile in 1×3 pile groups (line L1). Similar to what was observed in single 








the center of the center pile and the rate of decay is faster in the medium dense sand than 
in the dense sand. Similar response is observed below the base of the right corner pile on 
line L3 (Figure 6-58(e) and (f)). Figure 6-58(c) and (d) show the variation of the 
normalized vertical displacement between the center and right corner piles in 1×3 pile 
groups (line L2). It is shown in Figure 6-58(c) and (d) that at later stages of pile group 
settlement (w = 0.5Bp and 0.8Bp), the vertical displacement along line L2, from top to 
bottom, first decreases down to about 0.5Bp below the base level of the pile group and 
then increases up to a peak that takes place within 1.5-2.5Bp below the base level of the 
pile group; thereafter, it decays down to the bottom of the visible soil domain. For both 
sand densities, for up to 0.1Bp pile group settlement, the normalized vertical displacement 
gradually decreases from top to bottom of line L2. It is clear from Figure 6-58(c) and (d) 
that the rate of decay of the vertical displacement is lower in the dense sand than in the 
medium dense sand indicating that a larger volume of sand, below the pile group, is 
affected in the dense sand compared to the medium dense sand. Figure 6-58(g) and (h) 
show the change in the normalized vertical displacement in the dense and medium dense 
sands, respectively, along line L4, 0.5Bp away horizontally from the right corner pile. The 
response of soil on line L4 is very similar to what we observed on line L2, with the 
difference that the vertical displacement on line L2 is greater than line L4, since the soil 
on line L2 is moved down due to the action of two piles (center and corner piles), while 
line L4 is mainly affected only by one pile. This response is similar to what observed for 
1×2 pile groups (see Figure 6-36(a), (b), (e) and (f)). Figure 6-58(i) and (j) show the 
normalized vertical displacement on the horizontal line L5 extending from the base center 








stages of the pile group settlement. As expected, the maximum vertical displacement 
takes place right below the base of the piles and then it decays rapidly toward the right 
end of line L5, with the decay rate being slightly higher for the medium dense sand than 
for the  dense sand.  
6.5.2.15 Profile of horizontal deformation 
Figure 6-59 presents the horizontal deformation of the dense (DR = 82%) and 
medium dense sand (DR = 66%) samples along lines L1 to L5 at pile group normalized 
settlements of w/Bp = 0.05, 0.1, 0.5 and 0.8. 
 




















  (i) (j) 
Figure 6-59 Horizontal strain Exx of soil for: (a) DR = 82% on line L1, (b) DR = 66% on 
line L1, (c) DR = 82% on line L2, (d) DR = 66% on line L2, (e) DR = 82% on line L3, (f) DR 
= 66% on line L3, (g) DR = 82% on line L4, (h) DR = 66% on line L4, (i) DR = 82% on line 
L5 and (j) DR = 66% on line L5. 
As shown in Figure 6-59(a) and (b) as well as Figure 6-59(e) and (f), the 
horizontal strain below the center and corner piles in 1×3 pile groups is negative 








later stages of group settlement (w = 0.5Bp and 0.8Bp), the horizontal extension increases 
sharply down to ≈1Bp below the base of the piles and then it degrades toward the bottom 
of the visible domain. For clear comparison of the soil response below the center and 
corner piles, values of maximum horizontal extension along with their vertical position 
are gathered for both sand densities and below both center and corner piles in Table 6-16. 
 
Table 6-16 Vertical positions and values of the peak horizontal strain below the center 





DR = 82% DR = 66% 
center pile corner pile center pile corner pile 
z
*
/Bp Exx (%) z
*
/Bp Exx (%) z
*
/Bp Exx (%) z
*
/Bp Exx (%) 
0.05 1.10 -0.66 0.92 -1.07 1.09 -0.45 1.00 -1.06 
0.1 1.16 -1.21 1.04 -2.18 1.09 -1.20 1.00 -2.40 
0.5 0.98 -15.43 0.98 -16.78 1.03 -13.35 1.13 -17.22 
0.8 1.04 -30.58 1.04 -32.74 1.09 -26.38 1.20 -31.45 
 
It is clear from Table 6-16 that soil under the corner pile in the medium dense and 
dense sand samples experiences greater horizontal extension during the pile group 
settlement. Also, Table 6-16 shows that, in general, dense sand undergoes larger 
horizontal extension than the medium dense sand beneath the same type of pile.  
Figure 6-59(c) and (d) show horizontal deformation of soil on line L2 between the 








from the top to bottom of line L2, horizontal compression of the soil increases up to its 
maximum value around 1Bp below the base level of pile group, a response very similar to 
what observed for the line between the piles in 1×2 pile groups (see Figure 6-37(a) and 
(b)). Table 6-17 summarizes vertical positions and values of the maximum horizontal 
strain as well as values of the horizontal strain at the top and bottom of line L2 for both 
the dense and medium dense sands. 
 
Table 6-17 Vertical positions and values of the horizontal strain at selected points on line 





Maximum horizontal compression 
Horizontal strains at the top and 
the bottom of line L2 
DR = 82% DR = 66% DR = 82% DR = 66% 
z
*
/Bp Exx (%) z
*

















0.05 0.74 0.51 0.63 0.65 0.15 -0.12 0.37 -0.05 
0.1 0.81 1.06 0.85 1.43 0.13 -0.24 0.46 -0.13 
0.5 0.95 10.74 1.06 12.17 -0.25 -0.75 0.79 -0.53 
0.8 1.09 15.54 1.21 17.47 -0.67 -1.05 0.63 -0.78 
 
Closer look at the maximum values of the horizontal strain in Table 6-17 reveals 
that the medium dense sand undergoes slightly greater horizontal compression on line L2 
than does the dense sand. Table 6-17 also shows that the position of the maximum 








pile group settlement continues. It is shown in Table 6-17 (column 6) that the horizontal 
strain, for the dense sand, changes from positive values (compression) at the beginning of 
the group settlement to negative values (extension) at the end of the group settlement. For 
the medium dense sand, this trend is not observed; as column 8 of Table 6-17 shows the 
soil at the top of line L2 remains under horizontal compression throughout the pile group 
settlement.  
Figure 6-59(g) and (h) show the horizontal deformation of soil on line L4 at the 
right side of the right corner pile in the 1×3 pile group. The general response of the dense 
and medium dense sands is similar to what observed for line L2 (between piles) with two 
major distinctions: 1) the magnitude of horizontal compression on line L2 is greater than 
line L4, due to lateral confinement provided by two piles; and 2) the dense sand at the 
initial stages of pile group loading is under horizontal extension on the upper part of line 
L2, while it remains under compression on the same elevation on line L4 throughout the 
pile group loading process. Figure 6-59(i) and (j) show the horizontal deformation of soil 
on horizontal line L5 extending from the center of the center pile base to the right 
boundary of the soil visible domain for different stages of pile group loading. It is clear 
from Figure 6-59(i) and (j) that at later stages of the pile group loading (w = 0.5Bp and 
0.8Bp), for both the dense and medium dense sands, soil elements below the base of 
center and corner piles (x = 0Bp and 2Bp) experiences much less horizontal extension than 
the soil at the perimeter of the piles where large horizontal extension takes place during 
the pile group settlement. The horizontal extension at the left side of the right corner pile 
is lower than its right side, presumably due to a lateral confinement produced by the 








sharply toward the end of line L5, such that at x ≈ 3Bp (0.5Bp away from the corner of the 
right corner pile) it becomes negligible for both the dense and medium dense sands.  
6.5.2.16 Profile of vertical deformation 
Figure 6-60 show the vertical deformation of dense (DR = 82%) and medium 
dense (DR = 66%) sand samples at normalized pile group settlement of w/Bp = 0.05, 0.1, 
0.5 and 0.8 along line L1 through L5 (see Figure 6-44). 
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Figure 6-60 Vertical strain Ezz of soil for: (a) DR = 82% on line L1, (b) DR = 66% on line 
L1, (c) DR = 82% on line L2, (d) DR = 66% on line L2, (e) DR = 82% on line L3, (f) DR = 
66% on line L3, (g) DR = 82% on line L4, (h) DR = 66% on line L4, (i) DR = 82% on line L5 
and (j) DR = 66% on line L5. 
Figure 6-60(a) and (b) as well as Figure 6-60(e) and (f) show the vertical 








group settlement. It is clear from Figure 6-60(a), (b), (e) and (f) that both the dense and 
medium dense sands undergo vertical compression below the base of the piles with a 
peak taking place about 1Bp below the base level of the pile group. As shown in Figure 
6-60(a), (b), (e) and (f), medium dense sand sample, down to z
* ≈ 5Bp, undergoes larger 
vertical compression for the same amount of pile group settlement than does the dense 
sand sample. As shown in Figure 6-60(c) and (d), at w = 0.05Bp and 0.1Bp, dense and 
medium dense sands on line L2 are under vertical compression. As the group settlement 
increases (w = 0.5Bp and 0.8Bp) the upper (z
* 
< 0.5Bp) and lower (z
* 
> 2.5Bp) parts of line 
L2 remains under vertical compression while the middle part (0.5Bp< z
* 
< 2.5Bp) 
undergoes large vertical extension. Similar to what we observed and explained for 1×2 
pile groups (see Figure 6-38(a) and (b)), combining this observation with what shown in 
Figure 6-60(c) and (d) where large horizontal compression was observed almost at the 
same zone (0.5Bp < z
* 
< 2.5Bp), it can be concluded that due to the Poisson’s effect, 
horizontal compression on the soil causes vertical extension in the medium dense and 
dense sands on line L2. Figure 6-60(g) and (h) show the vertical deformation of dense and 
medium dense sands on line L4 outside the pile groups during the group settlement. The 
response of soil along line L4 in the medium dense and dense sands is very similar to 
what observed along line L2 (Figure 6-60 (c) and (d)), with less extension taking place 
within 0.5Bp < z
* 
< 2.5Bp. Comparing with horizontal deformation of line L4 (see Figure 
6-59(g) and (h)), the Poisson’s effect can be regarded as the major cause of vertical 
extension along line L4 and within 0.5Bp < z
* 
< 2.5Bp.   
Figure 6-60(i) and (j) illustrate vertical deformation of dense and medium dense 








is evident from Figure 6-60(i) and (j) that both the dense and medium dense sand samples 
undergo vertical compression below the base of center and corner piles during the pile 
group loading, with more vertical compression at the perimeter of the piles.  
6.5.2.17 Profile of in-plane shear deformation 
Figure 6-61 show the shear strain of the dense (DR = 82%) and the medium dense 
(DR = 66%) sand samples at normalized pile group settlement of w/ Bp = 0.05, 0.1, 0.5 
and 0.8 along line L1 through L5 (see Figure 6-44). 
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Figure 6-61 Shear strain Exz of soil for: (a) DR = 82% on line L1, (b) DR = 66% on line L1, 
(c) DR = 82% on line L2, (d) DR = 66% on line L2, (e) DR = 82% on line L3, (f) DR = 66% 
on line L3, (g) DR = 82% on line L4, (h) DR = 66% on line L4, (i) DR = 82% on line L5 and 
(j) DR = 66% on line L5. 
Figure 6-61(a) and (b) show the variation of shear strain below the base of the 








(b) that at the initial stages of group loading (w = 0.05Bp and 0.1Bp), no significant 
shearing takes place below the center pile, whereas at later stages of group loading (w = 
0.5Bp and 0.8Bp) clear shear deformation takes place below the pile base with the 
maximum shearing taking place within 1.5Bp distance below the pile base in the medium 
dense and dense sands. Figure 6-61(c) and (d) show the shear deformation of the dense 
and medium dense sands along line L2 extending from z
*
 = -0.5Bp to z
*
 = 6Bp at the mid-
point of the pile group spacing (x = 1Bp). It is clear from Figure 6-61(c) and (d) that 
compared to other lines (e.g. line L4 as shown in Figure 6-61(g) and (h)), the shear strain 
on line L2 is relatively small, which indicates that the soil within the space between the 
piles does not undergo large shear distortion during the pile group loading. Figure 6-61(e) 
and (f) show the variation of shear strain below the base of the right corner pile on line L3 
at different stages of pile group settlement. The shearing response of the dense and 
medium dense sands below the base of the right corner pile is, in general, similar, such 
that the maximum shearing takes place right below the pile base. Comparison of shear 
strain below the right corner pile (Figure 6-61(e) and (f)) with the shear strain below the 
center pile (Figure 6-61(a) and (b)) suggests that soil below the right corner pile 
undergoes slightly greater shear deformation than does the soil below the center pile. 
Figure 6-61(g) and (h) show the variation of the shear strain on line L4 outside the pile 
group. It is shown in Figure 6-61(g) and (h) that, from the top to bottom of line L4, the 
shear distortion of both the dense and medium dense sand samples initially decreases 
toward z
* ≈ 0.5Bp and then increases until it reaches a peak below the pile base level. 
Table 6-18 summarizes the vertical positions and values of the maximum shear strain on 













Maximum shear strain 
DR = 83% DR = 63% 
z
*
/Bp Exz (%) z
*
/Bp Exz (%) 
0.05 -0.5 0.86 1.06 0.61 
0.1 1.26 1.49 1.35 1.30 
0.5 1.89 5.56 1.78 4.78 
0.8 1.97 7.67 2.00 6.52 
 
As shown in Table 6-18, except for the dense sand at w = 0.05Bp, for which the 
maximum shearing takes place at top of line L4, for other cases, the maximum shear 
strain takes place below the base level of pile groups. The position of maximum shear 
strain moves down as the pile group settlement progresses. It is shown in Table 6-18 that 
for the same pile group settlement, the dense sand undergoes slightly greater shear 
deformation than does the medium dense sand.  
Figure 6-61(i) and (j) show the profile of shear strain on the horizontal line L5 
extending from the center of the center pile base toward x = 5Bp. As shown in Figure 
6-61(i) and (j), the maximum shear distortion along line L5, in the medium dense and 
dense sand samples, takes place around the perimeter of the piles. The shear deformation 
in the medium dense and dense sands degrades rapidly at x ≈ 3Bp (0.5Bp away from the 








deformation at x ≈ 1Bp (mid-point of the pile group spacing) is negligible for both sand 
densities throughout the pile group settlement.  
6.6 Summary and Conclusions 
The results of six calibration chamber axial load tests on model non-displacement 
single piles and pile groups (with s = 2Bp) embedded in dense and medium dense sand 
samples were presented in this study. The response of the piles was investigated using 
sensors attached to the piles and the response of the soil at the plane of symmetry was 
studied using the DIC technique. It was observed from the load test results that the total 
resistance of the piles increased as the relative density of the sand samples increased. 
Also, it was observed that the settlement at which the rate of increase in the total load 
changed significantly increased as the density of the soil and number of piles increased. 
A brittle response was observed in the shaft resistance vs. settlement response of single 
piles. This response was also observed for piles in 1×2 pile groups and center piles in 1×3 
pile groups. The lateral stress on the model piles embedded in dense sand samples was 
greater than that of the piles embedded in the medium dense sand samples. The lateral 
stress on the center pile of 1×3 pile groups was less than the lateral stress on the corner 
piles. The group efficiency of the pile groups varied with the pile group settlement and 
the group efficiency of the pile groups embedded in the medium dense sand was slightly 
higher than those embedded in the dense sand. It was observed that at the end of pile 








From the DIC analyses it was observed that, in general, medium dense sands 
showed more contractive response compared to dense sands. It was found that vertical 
compression, horizontal extension and shear strain at the perimeter of the piles was larger 
than other locations in the soil mass. The soil between the piles in the pile groups showed 
a very small shear deformation. A zone was identified between the piles in the pile 
groups and close to their bases, where the soil experienced horizontal compression and 
vertical extension with negligible shearing, during the pile group loading. DIC analyses 
showed that the degradation rate of the soil displacement and deformation in the medium 









CHAPTER 7. EXPERIMENTAL ANALYSIS OF LATERALLY LOADED NON-
DISPLACEMENT PILES IN SAND 
7.1 Introduction 
7.1.1 Background 
Pile foundations are widely used as a favorite foundation for many types of 
structures. Normally, the foundations are designed to resist against axial loads, but, many 
types of structures are subjected to severe horizontal loading due to natural or human-
made causes such as earthquake, tsunamis, wind load, wave action or transportation, so 
design of pile foundations against lateral loads for such structures is equally important. 
To provide greater resistance against lateral (and axial) loads, pile foundations are 
typically designed and constructed as a group. Piles within pile groups show different 
responses to lateral loading compared to single piles, which is mainly due to the complex 
interaction of piles in a group with each other and the surrounding soil, the effect of the 
pile group cap, the pile-to-pile spacing, and the configuration of piles in pile groups with 
respect to the loading direction. A significant characteristic of piles in pile groups is that 
the trailing piles carry lower load compared to the leading piles, a response that has been 
attributed to the “shadowing” effect (overlapping of shearing zones) of piles in a group. 
In the design of pile groups under lateral loading, the group effect is taken into account 








a multiplier fm less than unity (usually called the p multiplier) to account for reduction in 
the stresses of piles (Brown et al. 1988). 
In practice, piles within pile groups are restrained at the top by a cap. The 
presence of a cap imposes boundary conditions at the head of the piles that do not exist 
for free-headed piles and results in different response of capped piles compared to free-
headed piles. In theory, piles with a cap are usually assumed as fixed-headed piles (as 
opposed to free-headed piles): it is assumed that the piles at the head do not rotate during 
the lateral loading. This idealized condition is rarely achieved in practice since either the 
piles rotate slightly with respect to the pile cap (for example due to cracks at the pile and 
cap connection) or the pile cap itself rotates (Mokwa and Duncan 2003). This rotation is 
accompanied by the upward displacement of the piles in the back and downward 
displacement of the piles in front of the pile group (Mokwa and Duncan 2003). 
Response of piles and pile groups under lateral loading has been studied by 
number of researchers in the past years using experimental and numerical methods. The 
experimental methods consists of field test studies (e.g. Brown et al. 1988b; Ruesta and 
Townsend 1997; Huang et al. 2001; Ng et al. 2001; Mokwa and Duncan 2003; Lemnitzer 
et al. 2010), calibration chamber modeling (e.g. Patra and Pise 2001; Lee et al. 2014), 
centrifuge modeling (e.g. McVay and Shang 1995; McVay et al. 1996; McVay et al. 1998) 
and, recently, image-based methods (e.g. Otani 2006; Otani et al. 2006; Pham and Otani 
2006; Hajialilue-bonab et al. 2013). Numerical studies focus, in general, on three-
dimensional finite element analysis of piles with elastoplastic constitutive models (e.g. 
Brown and Shie 1990; Yang and Jeremic 2003; Küçükarslan and Banerjee 2004). Next 








7.1.2 Field tests 
Ng et al. (2001) conducted a field study on laterally loaded piles consisting of a 
single pile (with length Lp = 28 m), a 1×2 pile group (Lp = 21 m and spacing s = 6B), a 
1×2 pile group (Lp = 30 m and s = 3B) and 3-pile pile group with two leading piles and 
one trailing pile (Lp = 30 m and s = 3B) embedded in superficial deposits and 
decomposed rocks. The diameter of all piles was B = 1.5 m. All pile groups were capped 
at the pile head. A small cap with dimensions comparable to the cross-sectional 
dimension of the single pile was constructed for it to facilitate the application of the 
lateral load; however, the cap did not impose any significant fixity at the head of the 
single pile. The caps for both the single pile and pile groups were in direct contact with 
the soil surface but not embedded. The load-deflection results showed that the single pile 
was the least stiff of all piles because of the pile head boundary condition (free-headed 
pile). Except for the pile group with 6B spacing, all other pile groups did not show full 
fixity at the pile head, and it was observed that the trailing pile in those pile groups 
deflected more than the leading pile(s).  
Mokwa and Duncan (2003) performed a field study on a single pile and two 
capped four-pile groups (with 4B spacing) consisting of steel HP10×42 piles to study the 
effect of cap rotation (rocking) on the response of piles under lateral loading. The single 
pile was 6 m long and partially restrained at the top by the cap. One pile group consisted 
of 3-m long piles and the other consisted of 6-m long piles. The caps were in full contact 
with the soil. The soil profile consisted of desiccated lean sandy clay and sandy silt 
underlain by saturated soft to medium stiff sandy clay and sandy silt. Mokwa and Duncan 








piles was the major cause of rocking, while the influence of cracking in the concrete, at 
the connection of piles and caps, on cap rotation was insignificant. It was concluded that, 
as the resistance at the pile head against rotation decreases, the horizontal displacement of 
laterally loaded piles increases for a given lateral load. It was shown that the assumption 
of zero rotation at the pile head (fixed head) might lead to an underestimation of the pile 
head deflection, whereas assumption of zero bending moment at the pile head (free head) 
resulted in unreasonably large calculated deflections. Mokwa and Duncan (2003) 
suggested that the pile groups should be designed for both free-headed and fixed-headed 
conditions for the pile head to account for uncertainties that may exist on the level of 
fixity at the pile head. 
Lemnitzer et al. (2010) performed reversed cyclic, lateral head loading tests on a 
3×3 pile group consisting of nine concrete drilled shafts (with 3B spacing) and a fixed-
head single drilled shaft to study group interaction effects for a wide range of lateral 
deflections. All piles had a diameter of B = 0.61 m with the embedded depth of Le = 7.6 
m. The piles were embedded in a soil profile consisting of a layer of silty sandy clay. 
Lemnitzer et al. (2010) calculated the efficiency of the pile group using equation 3.56. 
They observed that the efficiency of the pile group was close to unity for small pile group 
deflection but fell to 0.8 for about 0.02B pile group deflection and then rose to about 0.92 
for pile group deflection of 0.065B. 
7.1.3 Calibration chamber tests 
Patra and Pise (2001) performed lateral load tests on pre-installed model piles 








loading direction), 1×3, 2×2 and 2×3 pile groups consisting of aluminum tubes with the 
outer diameter of 19 mm and the wall thickness of 0.81 mm. Uniform samples (DR = 
80%) of Ennore sand with friction angle of 37˚ were prepared using the air pluviation 
method. To study the effect of pile slenderness on the response of laterally loaded piles, 
model piles with embedded length-to-diameter ratios of Le/B = 12 and Le/B = 38 were 
used. To study the effect of roughness on the response of piles, fine Ennore sand was 
glued to the surface of model piles to increase the pile surface friction in the contact with 
the surrounding soil, emulating drilled shafts. The pile-soil interface friction angles were 
20˚ and 31˚ for the smooth and rough piles, respectively. Effect of pile spacing on the 
response of pile groups was studied by adopting three spacings (3B, 4.5B and 6B). A 
force-controlled, static, pulling load was applied to pile caps using a pulley system. Patra 
and Pise (2001) observed that the lateral deflection corresponding to the ultimate load 
was lower (wx = 0.1B to 0.4B compared with wx = 0.35B to 0.6B) for pile groups with 
short piles (Le/B = 12) than with long piles (Le/B = 38). A clear vertical displacement of 
the pile caps was observed during lateral loading of the piles, indicating a pile cap 
rotation (rocking) during the load tests. It was observed that the long piles reached the 
ultimate load at a higher cap rotation compared to the short piles. Patra and Pise (2001) 
reported that the ultimate lateral resistance per pile, in general, increased linearly as the 
pile spacing increased. 
It was observed that pile groups with rough pile-soil interface provided higher 
resistance than those with smooth interface. Patra and Pise (2001) reported that for 3B to 
6B spacing, for Le/B = 12, the group efficiency was about 60-90% for the 1×2 pile 








group. For flexible piles with Le/B = 38, the group efficiency for pile spacing of 3B to 6B 
was about 65-100% for 1×2 group, 70-100% for 1×3 pile group, 60-90% for 2×2 pile 
group and 60–80% for 2×3 pile group. Patra and Pise (2001) observed that the efficiency 
of pile groups consisting of rough piles was higher than that of the pile groups with 
smooth piles, except for the 2×2 pile groups, for which an opposite trend was observed. 
Lee et al. (2014) performed calibration chamber tests on laterally loaded rigid 
model piles (with smooth surface) pre-installed in dense (DR = 86%) and medium dense 
(DR = 55%) silica sand samples to study the load-deflection response and ultimate lateral 
load capacity of laterally loaded, rigid, non-displacement piles for various soil and stress 
conditions. The model pile used was a closed-ended steel pile with the total length of Lp = 
900 mm, the embedded depth of Le = 700 mm and the diameter of B = 60 mm. The model 
pile was instrumented with nine pairs of strain gauges. The force-controlled lateral load 
was applied 100 mm above the soil sample until the maximum pile deflection of wx = 
0.42B to 0.52B was reached. The sand was a poorly graded silica sand with D50 = 0.48 
mm. The chamber was pressurized laterally and vertically to study the effect of the 
horizontal-to-vertical stress ratio on the ultimate response of the model pile. Lee et al. 
(2014) reported that the ultimate load capacity of laterally loaded piles increased with 
increasing horizontal effective stress for a constant vertical effective stress. It was also 
observed that the deflection of a pile at the ultimate load tended to increase as the relative 
density and lateral stress increased. Lee et al. (2014) reported that the maximum bending 
moment took place at about 3B below the soil surface, corresponding to 1/4 Le; the 
bending moment near the pile base was zero for all cases. It was found that the depth of 








7.1.4 Centrifuge tests 
McVay and Shang (1995) performed centrifuge tests (with 45g centrifugal 
acceleration) on free-headed single and 3×3 pile groups with 3B and 5B center-to-center 
pile spacing. The model piles were driven, in poorly graded sand (D50 = 0.25) samples, 
and laterally loaded in flight to simulate the loading of prototype piles with diameter B = 
432 mm and length Lp = 13 m embedded in loose (DR = 33%) and medium dense (DR = 
55%) sand samples. McVay and Shang (1995) reported that, for the studied pile groups, 
the group efficiency (η) was independent of the soil relative density, implying that the 
densification of soil during pile driving might contribute to equalize response, but they 
could not verify it. It was shown that the group efficiency increased with the increase in 
pile spacing (η = 0.72 and 0.94 for 3B and 5B spacings, respectively).  
7.1.5 Numerical analysis 
Brown and Shie (1990) performed three-dimensional finite element modeling to 
investigate the response of pile groups under lateral load using two different constitutive 
models for soil including a simple elastic-perfectly plastic model with a von Mises yield 
criterion and associated flow rule and an extended Drucker-Prager model with non-
associated flow rule. To facilitate relative displacement (slippage and gaping) between 
the piles and the soil, frictional interface elements were used at the pile-soil interface. A 
nonlinear soil response was observed around the loaded pile; in particular, it was 
observed that a zone in front of the loaded pile underwent yielding which propagated 








Yang and Jeremic (2003) performed finite element analysis, using a Drucker-
Prager constitutive model with non-associated flow rule, to simulate the laterally loaded 
3×3 and 4×3 pile groups of McVay et al. (1998) embedded in loose and medium sands. 
The soil-pile interface was modeled using the Drucker-Prager model and thin interface 
elements with friction angle of 25˚. The dilation angle of the soil was taken as zero. Yang 
and Jeremic (2003) showed that a clear wedge-shaped plastic zone was formed to shallow 
depths ahead of the pile group. They also showed thedense sand and medium dense sand 
extent of the plastic zone next to the pile shaft due to shear yielding, which was a result 
of the rocking of the pile group. Yang and Jeremic (2003) reported that the maximum 
bending moment and shear load were observed in the side piles in the leading row and the 
minimum bending moment and shear load were observed in the middle piles in the last 
trailing row. It was also reported that the bending moments and shear loads of the third 
and fourth rows in the 4×3 pile group were nearly identical. Yang and Jeremic (2003) 
observed that, for small pile group deflections (wx < 0.01B), leading and trailing piles 
carried nearly identical loads, whereas, at larger deflections, the leading row carries a 
greater share of the load, implying that the “shadowing” effect is dependent upon the 
level of pile group deflection. 
7.1.6 Image-based analysis 
Using X-ray computed tomography (CT), Otani et al. (2006) investigated three-
dimensional failure patterns in sand due to lateral loading of model piles embedded in 
Toyoura sand samples prepared at relative densities of 87-91%. The model piles 








mm and embedded length of Le = 330 mm. A large number of small spheres, with 
diameter of 2 mm, were placed at three depths of z = 22 mm, 46 mm and 70 mm under 
the soil surface and ahead of model piles for better capturing the response of soil during 
the pile loading. The lateral load was applied normal to the weak axis of the model piles. 
The pile loading was performed in three consecutive steps (pile head deflections wx = 5 
mm, 10 mm and 15 mm) to allow scanning the soil body at each step. The CT scanning 
technique was used to reconstruct the cross-sectional images well as 3D images of the 
soil. An image processing analysis was then performed on reconstructed images; based 
on this analysis. As the pile loading increased, the failure zone formed in the soil 
surrounding the pile increased in size. It was also confirmed that the horizontal extent of 
the failure zone decreased at deeper zones such that at depths beyond z = 70 mm no 
significant displacement was observed in the soil. Scanning results revealed that the 
markers at z = 22 mm moved up and away from the pile within the failure zone from the 
beginning of loading. The markers at z = 46 mm moved horizontally first and then up in 
the third loading step. The markers at z = 70 mm at first did not move and then moved 
horizontally in the second and third steps of loading. 
Hajialilue-bonab et al. (2013) performed a series lateral loading tests on small-
scale single piles embedded in poorly graded loose sand samples. Model piles consisted 
of rectangular aluminum and steel bars with embedded length-to-width ratios of Le/B = 
8.33, 11.66, 15, and 18.33. The piles were installed in a small wooden box with a 
transparent side; thereafter, the box was filled with silica sand using the air pluviation 
method. A horizontal force was applied on top of the piles, located 32 cm above the soil 








the soil. The deformation and displacement of the soil surrounding the model piles were 
obtained using the particle image velocimetry (PIV) method. The PIV analysis results 
showed that the horizontal displacement of flexible piles was limited to shallower depths 
compared to rigid piles for which the displacement and rotation of the pile were observed 
at the pile base, too. For flexible piles, it was observed that the soil particles ahead of the 
pile moved up and those behind the pile moved down; however, at greater depths, the 
direction of the displacement vectors were mostly horizontal.  
7.1.7 Present study  
In the present work, we study the load response of laterally loaded non-
displacement model single piles and pile groups embedded in dense and medium dense 
sand samples. The response of soil surrounding the piles is analyzed using the Digital 
Image Correlation (DIC) technique.  
7.2 Materials and Test Setup 
7.2.1 DIC calibration chamber 
Lateral load tests on model piles were performed in the DIC calibration chamber 
that was presented in chapter 5. A 27-kN acme-screw jack (Figure 7-1) was used to apply 
displacement-controlled horizontal loading to pile caps. A 50-kN tension-compression 
load cell embedded between the jack and the pile cap measured the lateral load during 
load tests. 









Figure 7-1 The 27-kN acme screw jack used for the lateral loading. 
A vertical surcharge was applied on top of soil samples through a half-circular, 
air-rubber bladder that was restrained between a reaction steel lid, bolted to the top of the 
chamber, and the soil surface. A half-circular, steel plate was also embedded below the 
rubber bladder to ensure pressure uniformity on soil samples. The air pressure was 
monitored throughout load tests using an in-line pressure transducer and a pneumatic 
regulator. 
7.2.2 Sand properties 
Ohio Gold Frac sand used in the calibration chamber load tests was the same as 
the one used for tests presented in chapters 5 and 6. 
7.2.3 Model Piles 
Three model steel piles (Figure 7-2) were instrumented for tests on single piles, 










Figure 7-2 Instrumented model pile used for the pile load tests. 
The model piles consist of half-round hot-rolled steel rods with Young’s modulus 
of Ep = 189 GPa, length of Lp = 900 mm, embedded length of Le = 620 mm and diameter 
of Bp = 31.75 mm. A hole with a diameter of 7.9 mm deep drilled at the center of the 
cross section of the pile is used to channel the wires from the sensors attached to the pile 
surface inside the piles to the outside. Rough sand paper (#50) was attached to the pile 
shaft to emulate the roughness of drilled shafts. As a result, the normalized roughness (Rn 
= Rt/D50) of the pile surface is Rn = 1.14. Six pairs of uniaxial 350-Ω strain gauges 
(Figure 7-3) with a gauge length of 2 mm were installed on either side of each model pile 









Figure 7-3 Uniaxial strain gauges attached to either side of a half-rounded pile. 
 
Figure 7-4 shows the position of the sensors along the model pile with respect to 
the soil surface. 
 
 








The rigidity of the model piles used in this study was evaluated based on the 








           (7.1) 
where Es is the elastic modulus of soil and Ip is the second moment of inertia of the pile. 
According to Meyerhof’s criterion (Meyerhof (1995)) a pile is rigid if Kr is greater than 
0.01. For the model pile used in the present study with Ep = 189 GPa, Le = 0.62 m and Ip 




, so Kr was well below 0.01 for the dense and medium dense sand 
samples. 
Brom’s criterion (Broms 1964) was also used to evaluate the rigidity of laterally 











         (7.2) 
and kg is the gradient of the initial modulus of subgrade reaction (Salgado 2008). Using 
Eq.(7.1), it is found that for dense sand (DR ≈ 84%) and medium dense sand (DR ≈ 65%) 
samples, Lp/T is about 6.2 and 5.5, respectively, which shows that the piles used for this 
study are not rigid piles based on Brom’s criterion either. 
7.2.4 Image and data acquisition systems 
The same data and image acquisition systems used for tests in chapters 5 and 6 










Figure 7-5 Image acquisition setup for lateral loading tests. 
Sensors used for measuring response of piles during the pile load tests were 
connected to a separate data acquisition system.  
7.2.5 Sample Preparation 
The sand samples were prepared using the air pluviation method. Once the sand 
sample reached the height of 420 mm, measured from the base of the calibration 
chamber, the model piles were carefully positioned immediately on top of the soil sample 
and in full contact with the covering annealed glass (see Figure 7-6). A series of 
turnbuckles were used to fix the piles behind the observation windows. The turnbuckles 
were removed one by one during the sample preparation as the height of sand samples 










Figure 7-6 Positioning model piles during a sample preparation. 
7.2.6 Lateral load test program 
A series of six lateral load tests were performed to study the response of single 
piles and pile groups and the surrounding soil during the lateral loading of non-
displacement piles embedded in dense and medium dense sand samples. For every load 
test, a displacement-controlled loading was applied on the left side of pile caps (a left-to-
right motion) at a displacement rate of 0.1 mm/s to reach a pile head deflection wx ≈ 0.2B. 
The horizontal displacement of piles was measured using a string potentiometer and a 
dial gauge mounted on the direction of loading. In addition, a dial gauge was mounted on 
top of the pile caps to measure the vertical displacement of the pile caps during the 










Figure 7-7 Displacement sensors used to monitor the displacement of the pile caps. 
All tests were performed under a 50-kPa surcharge, which was applied on top of 
the sand samples. Table 7-1 summarizes the parameters of each test. 
 
Table 7-1 Lateral load tests on model non-displacement piles. 
Test # Configuration of piles Sand relative density DR (%) 
1 single pile 83 
2 single pile 64 
3 1×2 pile group 84 
4 1×2 pile group 64 
5 1×3 pile group 86 









The pile center-to-center spacing of the pile groups was two times the diameter of 
the model piles (s = 2B). In the following sections, we discuss the results of the load tests. 
7.3 Analysis of Single piles 
7.3.1 Pile response 
Figure 7-8 shows the load-deflection response of the single piles (tests 1 and 2) 
embedded in the dense (DR = 83%) and medium dense (DR = 64%) sand samples.  
 
 
Figure 7-8 Load-deflection response of single piles embedded in dense (DR = 83%) and 
medium dense (DR = 64%) sand samples. 
Figure 7-8 shows that the response to lateral loading of the single pile embedded 
in the dense sand sample is stiffer than that of the pile in the medium dense sand. The 
response of the pile in the dense sand is nearly linear, while the response of the pile in the 








in the dense sand sample Qh = 378 N is 55% greater than the lateral load Qh = 244 N on 
the pile in the medium dense sand sample. 
The bending moment at any given elevation of the model pile under left to right 





           (7.3) 
where 
left  and right  are the strains measured by the left and right strain gauges, 
respectively, EI is the bending stiffness of the model piles and h is the horizontal distance 
between the strain gauges. 
Figure 7-9 shows the values of the bending moment along the axes of the single 
piles in dense and medium dense sands at normalized pile head deflections of wx/Bp = 
0.05, 0.1, 0.15 and 0.2. 
 
  (a) (b) 
Figure 7-9 The profile of bending moment along the single piles embedded in dense (DR 








As shown in Figure 7-9, for a given pile head deflection, the maximum bending 
moment mobilized along the model pile in the dense sand sample is greater than that of 
the pile in the medium dense sand sample. The maximum bending moment is observed at 
z = 4.3Bp (location of third pair of strain gauges counted from the pile head). 
7.3.2 Soil response 
7.3.2.1 Spatial distribution of displacement and deformation 
The DIC technique was used to study the response of soil around the model piles. 
The dimension of the representative elementary volume (REV) adopted in this study is in 
the range of 7D50-8D50 of the test sand. Figure 7-10 shows the spatial distribution of the 
normalized horizontal displacement and horizontal deformation of the soil surrounding 
the single piles at the pile head deflection wx = 0.1B. In all the contour plots, the soil 














Figure 7-10 Spatial distribution of soil displacement and deformation around laterally 
loaded single piles for wx = 0.1B: (a) normalized horizontal displacement in dense sand 
(DR = 83%), (b) normalized horizontal displacement in medium dense sand (DR = 64%), 
(c) horizontal deformation in the dense sand (DR = 83%) and (d) horizontal deformation 
in the medium dense sand (DR = 64%). 
Figure 7-10(a) and (b) show the spatial distribution of the normalized horizontal 








strain in dense and medium dense sand samples, respectively, due to 0.1B pile head 
deflection of a single pile. The depth to which significant motion and deformation are 
observed is of the order of 7 to 8B for the pile in the dense and medium dense sand 
samples. It is clear from Figure 7-10(a) and (b) that the volume of soil near the surface 
that is displaced horizontally is larger for the dense sand compared to the medium dense 
sand, implying that the horizontal displacement decays at a lower rate with distance from 
the pile axis in the dense sand than in the medium dense sand. 
We next examine the response of soil elements on the left and right of the pile at 
different depths (Figure 7-11) during the pile loading. As shown in Figure 7-11, elements 
in front of the pile are denoted by the subscript “F” and elements on the back of the  pile 
are denoted by subscript “B”. For all figures, for each pile, x* is the horizontal position 
with respect to the centerline of that pile (for single piles, x
*
 coincides with x which is the 










Figure 7-11 Location of soil elements for DIC analysis of single piles. 
7.3.2.2 Elements E1F and E1B (x* = ± 0.6B, z = 0.3B) 
Figure 7-12 shows the normalized displacement and deformation of soil elements 
E1F and E1B at depth z = 0.3B next to the pile shaft, at x
*
 = 0.6B and x
*
 = -0.6B, 
respectively. Displacements toward the right side of all figures or pointing down are 









  (a) (b) 
  
(c) (d) 
Figure 7-12 Displacement and deformation of elements E1F and E1B (x
*
 = ±0.6B, z = 
0.3B) due the lateral loading of single piles installed in dense (DR = 83%) and medium 
dense (DR = 64%) sand samples. 
Figure 7-12(a) and (b) show that the displacement of soil element E1F in dense 
sand and medium dense sand samples is predominantly horizontal (left to right motion), 








sub-vertical. As shown in Figure 7-12(a) and (b), for a given pile head deflection, the 
horizontal displacement of soil element E1F in the dense sand sample is greater than in the 
medium dense sand sample.  
7.3.2.3 Elements E2F and E2B (x
*
 = ±0.6B, z = 4.3B) 
Figure 7-13 shows the normalized displacement and deformation of soil elements 
E2F and E2B at depth z = 4.3B next to the pile shaft (at the elevation of 3
rd
 pair of strain 
gauges as shown in Figure 7-4), at x
*
 = 0.6B and x
*
 = -0.6B, respectively. 
 










Figure 7-13 Displacement and deformation of elements E2F and E2B (x = ±0.6B, z = 4.3B) 
due the lateral loading of single piles installed in dense (DR = 83%) and medium dense 
(DR = 64%) sand samples. 
Figure 7-13(a) and (b) show that elements E2F and E2B move right and down, in 
dense sand and medium dense sand samples, due to the pile lateral deflection, with 
horizontal displacement greater than the vertical displacement, particularly for the 
element in front of the pile. Figure 7-13(c) and (d) show that element E2F in dense sand 
and medium dense sand samples undergoes horizontal compression, with negligible 
vertical deformation. At the same time, element E2B, in dense sand and medium dense 
sand samples, undergoes horizontal extension, with relatively small vertical compression.  
7.3.2.4 Elements E3F and E3B (x
*
 = ±0.6B, z = 8.3B) through E6F and E6B (x
*
 = ±0.6B, z = 
19.1B) 
Figure 7-14 though Figure 7-17 show the normalized displacement and 
deformation of soil elements E3F and E3B through E6F and E6B, located at depths z = 8.3B, 













Figure 7-14 Displacement and deformation of elements E3F and E3B (x = ±0.6B, z = 8.3B) 
due the lateral loading of single piles installed in dense (DR = 83%) and medium dense 












Figure 7-15 Displacement and deformation of elements E4F and E4B (x = ±0.6B, z = 
12.3B) due the lateral loading of single piles installed in dense (DR = 83%) and medium 












Figure 7-16 Displacement and deformation of elements E5F and E5B (x = ±0.6B, z = 
15.9B) due the lateral loading of single piles installed in dense (DR = 83%) and medium 












Figure 7-17 Displacement and deformation of elements E6F and E6B (x = ±0.6B, z = 
19.1B) due the lateral loading of single piles installed in dense (DR = 83%) and medium 
dense (DR = 64%) sand samples. 
Figure 7-14 though Figure 7-17 show that soil elements on either side of the 
single pile in dense sand and medium dense sand samples experience negligible vertical 
displacement while their horizontal displacements gradually decrease from top to bottom 








apparently “kicking back”. This is also reflected on the horizontal strain of the soil 
elements on either side of the pile such that the soil elements in front of the pile undergo 
horizontal extension and the soil elements behind the pile undergoes horizontal 
compression below z = 12.3B.  
7.4 Analysis of 1×2 Pile Groups 
7.4.1 Pile response 
Figure 7-18 shows the load-deflection response of the 1×2 pile groups embedded 
in the dense (DR = 84%) and medium dense (DR = 64%) sand samples.  
 
 
Figure 7-18 Load-deflection response of the 1×2 pile groups embedded in dense (DR = 
84%) and medium dense (DR = 64%) sand samples. 
Figure 7-18 shows that the total lateral load applied on 1×2 pile groups 








group deflection less than approximately 0.06Bp (wx ≤ 0.06Bp), the total lateral load on 
the pile groups embedded in the dense and medium dense sand samples are nearly the 
same, with difference in the response developing for pile group deflection greater than 
0.06Bp (wx ≥ 0.06Bp). Similar to what we observed for the single piles (see Figure 7-8), 
the difference between the lateral loads of 1×2 pile groups in the dense and medium 
dense sand samples increases, too.  
The shear loads at the head of the leading and trailing piles in 1×2 pile groups are 
calculated by differentiating the bending moments measured at the two pairs of strain 
gauges at the head of the piles (S = dM/dz). Figure 7-19 shows the mobilization of the 




Figure 7-19 Shear force at the head of leading and trailing piles of 1×2 pile groups 








As shown in Figure 7-19, the leading piles in dense and medium dense sands 
carry more loads compared to the trailing piles. Also, it is shown in Figure 7-19 that 
difference between the shear load on the leading and trailing piles in the dense sand 
sample is greater than shear loads at the head of those piles in the medium dense sand 
sample. It can be observed from Figure 7-19 that at wx = 0.2B, the leading pile and 
trailing pile carry 55% and 45% of the total shear force on piles in the dense sand, 
respectively, whereas for the medium dense sand, the leading pile and trailing pile carry 
52% and 48% of the total shear force. Therefore, it can be suggested that as the soil 
density decreases the response of leading and trailing piles in a 1×2 pile group (s = 2B) 
becomes close to each other which is not in an agreement with what reported from the 
centrifuge tests performed on driven piles by McVay and Shang (1995). 
Figure 7-20 shows the group efficiency of the 1×2 pile group as a function of 
head deflection of the piles. 
 









It is clear from Figure 7-20 that at the initial stages of the lateral loading (wx/B < 
0.03) the efficiency of the pile group is greater than unity in the medium dense sand 
sample and then it falls below unity. For the dense sand sample, the group efficiency is 
less than unity throughout lateral loading of the piles. At the end of the load test (wx = 
0.2B) the efficiencies of the pile group embedded in the medium dense and dense sand 
samples sand are 1.0 and 0.88, respectively indicating that the piles in the medium dense 
sand interact less than those in the dense sand sample at large pile group deflection. 
Figure 7-21 shows the bending moment profiles along leading and trailing piles in 
dense and medium dense sands at normalized pile head deflections of wx/Bp = 0.05, 0.1, 
0.15 and 0.2. 
 








  (c) (d) 
Figure 7-21 The profile of bending moment along the piles in 1×2 pile groups: (a) leading 
pile in the sand sample with DR = 84%, (b) trailing pile in the sand sample with DR = 84%, 
(c) leading pile in the sand sample with DR = 64% and (d) trailing pile in the sand sample 
with DR = 64%. 
Figure 7-21 shows that the maximum measured bending moment is greater in the 
leading piles than in the trailing piles. Figure 7-21 also shows that the maximum bending 
moment is greater for piles embedded in dense than in medium dense sand. The 
maximum bending moment is observed at z = 4.3Bp (location of third pair of strain 
gauges) for all piles. Figure 7-21(a) and (b) show that the leading pile in the dense sand 
sample undergoes more negative bending moment than the trailing pile. Figure 7-21(c) 
and (d) show that the negative bending moment at the head of the piles is lower in the 








7.4.2 Soil response 
7.4.2.1 Spatial distribution of displacement and deformation 
Figure 7-22 shows the spatial distribution of the normalized horizontal 
displacement and horizontal deformation of the dense and medium dense sands 














Figure 7-22 Spatial distribution of soil displacement and deformation around laterally 
loaded 1×2 pile groups for wx = 0.1B: (a) normalized horizontal displacement in dense 
sand (DR = 84%), (b) normalized horizontal displacement in medium dense sand (DR = 
64%), (c) horizontal deformation in the dense sand (DR = 84%) and (d) horizontal 
deformation in the medium dense sand (DR = 64%). 
It is clear from Figure 7-22(a) and (b) that the soil close to the surface shows more 
horizontal displacement for dense sand and medium dense sand samples. Figure 7-22(a) 
and (b) show that the depth to which significant displacements are observed is greater for 
the medium dense sand than for the dense sand. In Figure 7-22(a) and (b), a zone between 
the piles and behind the trailing piles exists below z = 12B in which displacements are in 
the opposite direction as the load, suggesting the piles are "kicking back". Figure 7-22(c) 
and (d) show that there is also some soil compression between the piles, while the soil 
ahead of the pile group undergoes large horizontal compression and the soil behind the 
trailing pile undergoes some horizontal extension.  
We will now evaluate the response of soil elements on the back and front sides of 








during loading. The element notation determines the location of the element with respect 
to the pile of interest. The subscript “B” indicates the element on the back side and “F” 
denotes the element on the front side. Also, the subscript “trail” is used for the trailing 
pile and the subscript “lead” is used for the leading pile. As an example, E2R,lead denotes 




Figure 7-23 Location of soil elements for DIC analysis of 1×2 pile groups (not in scale). 
7.4.2.2 Elements E1F,lead, E1B,lead, E1F,trail and E1B,trail (x
*
= ± 0.6B, z= 0.3B) 
Figure 7-24 shows the normalized displacement of soil elements E1F,lead, E1B,lead, 
E1F,trail and E1B,trail at depth z = 0.3B at x
*
 = 0.6B and x
*
 = -0.6B, respectively (x
*








horizontal location with respect to the pile of interest) for the dense (DR = 84%) and 
medium dense sand (DR = 64%) samples.  
 
  (a) (b) 
  (c) (d) 
Figure 7-24 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 0.3B: (a) E1F,lead 
and E1B,lead in the dense sand (DR = 84%), (b) E1F,lead and E1B,lead in the medium dense 
sand (DR = 64%), (c) E1F,trail and E1B,trail in the dense sand (DR = 84%) and (d) E1F,trail and 








Figure 7-24(a) and (b) show that the soil elements on either side of the leading 
pile in the medium dense and dense sand samples undergo similar horizontal 
displacement, which is much greater than the vertical displacement. Figure 7-24(c) and 
(d) show that the soil element ahead of the trailing pile undergoes mostly horizontal 
displacement in the medium dense and dense sand samples and that the soil displacement 
behind the trailing pile is subvertical. 
Figure 7-25 shows the deformation of soil elements E1F,lead, E1B,lead, E1F,trail and 
E1B,trail at depth z = 0.3B at x
*
 = 0.6B and x
*
 = -0.6B, respectively for the dense (DR = 













Figure 7-25 Deformation of soil elements at x
*
 = ±0.6B, z = 0.3B: (a) E1F,lead and E1B,lead 
in the dense sand (DR = 84%), (b) E1F,lead and E1B,lead in the medium dense sand (DR = 
64%), (c) E1F,trail and E1B,trail in the dense sand (DR = 84%) and (d) E1F,trail and E1B,trail in 
the dense sand (DR = 64%). 
Figure 7-25(a) and (b) show that, since the medium dense sand is more 
compressible than the dense sand, the soil element in front of the leading pile in the 
medium dense sand sample undergoes greater horizontal compression than the dense 
sand. It is seen in Figure 7-25(a) and (b) that soil element behind the leading pile 
undergoes horizontal compression as opposed to what was seen for the element behind 
the single piles (see Figure 7-12(c) and (d)). The horizontal compression of the element 
behind the leading pile is due to the forward motion of the trailing pile. Figure 7-25(c) 
and (d) show no significant deformation for the soil element ahead of the trailing pile, 
while, due to pile-soil separation behind the trailing pile, the element behind the trailing 








7.4.2.3 Elements E2F,lead, E2B,lead, E2F,trail and E2B,trail (x
*
= ± 0.6B, z= 4.3B) 
Figure 7-26 shows the normalized displacement of soil elements E2F,lead, E2B,lead, 
E2F,trail and E2B,trail at depth z = 4.3B at x
*
 = 0.6B and x
*
 = -0.6B, respectively, for the 
dense (DR = 84%) and medium dense sand (DR = 64%) samples.  
  (a) (b) 
  (c) (d) 
Figure 7-26 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 4.3B: (a) E2F,lead 
and E2B,lead in the dense sand (DR = 84%), (b) E2F,lead and E2B,lead in the medium dense 
sand (DR = 64%), (c) E2F,trail and E2B,trail in the dense sand (DR = 84%) and (d) E2F,trail and 








Figure 7-26(a) and (b) show that soil elements on either side of the leading pile in 
the dense and medium dense sand samples undergo similar horizontal displacements 
(larger than their vertical displacements), indicating no separation between pile and soil 
behind the leading pile. Figure 7-26(c) and (d) indicates that the soil element ahead of the 
trailing pile (E2F,trail), in the medium dense and dense sand samples, undergoes  greater 
horizontal displacement than the element behind the trailing pile (E2B,trail) and that the soil 
element behind the trailing pile moves down, whereas the element ahead of the trailing 
pile moves up.  
Figure 7-27 shows the deformation of soil elements E2F,lead, E2B,lead, E2F,trail and 
E2B,trail at depth z = 4.3B at x
*
 = 0.6B and x
*
 = -0.6B, respectively, for the dense (DR = 













Figure 7-27 Deformation of soil elements at x
*
 = ±0.6B, z = 4.3B: (a) E2F,lead and E2B,lead 
in the dense sand (DR = 84%), (b) E2F,lead and E2B,lead in the medium dense sand (DR = 
64%), (c) E2F,trail and E2B,trail in the dense sand (DR = 84%) and (d) E2F,trail and E2B,trail in 
the dense sand (DR = 64%). 
Figure 7-27(a) and (b) show that soil elements on either side of the leading pile in 
the medium dense and dense sand samples undergo horizontal compression (no 
separation between the soil and pile behind the leading pile). Figure 7-27(c) and (d) show 
that soil element behind the trailing pile (E2B,trail) in the medium dense and dense sand 
samples experiences horizontal extension and shearing, with more extension and shearing 
in the dense sand than in the medium dense sand, indicating more dilative response from 
the dense sand than the medium dense sand.  
7.4.2.4 Elements E3F,lead, E3B,lead, E3F,trail and E3B,trail (x
*
= ± 0.6B, z= 8.3B) 
Figure 7-28 and Figure 7-29 show the normalized displacement and deformation 
of soil elements E3F,lead, E3B,lead, E3F,trail and E3B,trail next to the leading and trailing piles at 













Figure 7-28 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 8.3B: (a) E3F,lead 
and E3B,lead in the dense sand (DR = 84%), (b) E3F,lead and E3B,lead in the medium dense 
sand (DR = 64%), (c) E3F,trail and E3B,trail in the dense sand (DR = 84%) and (d) E3F,trail and 













Figure 7-29 Deformation of soil elements at x
*
 = ±0.6B, z = 8.3B: (a) E3F,lead and E3B,lead 
in the dense sand (DR = 84%), (b) E3F,lead and E3B,lead in the medium dense sand (DR = 
64%), (c) E3F,trail and E3B,trail in the dense sand (DR = 84%) and (d) E3F,trail and E3B,trail in 
the dense sand (DR = 64%). 
Figure 7-28(a) and (b) show that elements on either side of the leading pile 
(E3F,lead and E3B,lead) in the medium dense and dense sand samples move forward and 








significant displacements are observed being greater in medium dense sand than in dense 
sand. 
Figure 7-29(a) and (b) show that, having no significant deformation in the dense 
sand sample, element E3F,lead in the medium dense sand undergoes slight horizontal 
extension while element E3B,lead undergoes slight horizontal compression at z = 8.3B. In 
Figure 7-29(c) and (d), the soil element behind the trailing pile, in the medium dense and 
dense sand samples, experiences horizontal extension and shearing. 
7.4.2.5 Elements E4F,lead and E4B,lead through E6F,trail and E6B,trail (x
*
= ± 0.6B, z= 12.3B, 
15.9B and 19.1 B) 
Figure 7-30 through Figure 7-35 show the normalized displacement and 
deformation of soil elements next to the leading and trailing piles at z = 12.3B, 15.9B and 













Figure 7-30 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 12.3B: (a) 
E4F,lead and E4B,lead in the dense sand (DR = 84%), (b) E4F,lead and E4B,lead in the medium 
dense sand (DR = 64%), (c) E4F,trail and E4B,trail in the dense sand (DR = 84%) and (d) 













Figure 7-31 Deformation of soil elements at x
*
 = ±0.6B, z = 12.3B: (a) E4F,lead and E4B,lead 
in the dense sand (DR = 84%), (b) E4F,lead and E4B,lead in the medium dense sand (DR = 
64%), (c) E4F,trail and E4B,trail in the dense sand (DR = 84%) and (d) E4F,trail and E4B,trail in 
the dense sand (DR = 64%).  
 








  (c) (d) 
Figure 7-32 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 15.9B: (a) 
E5R,lead and E5L,lead in the dense sand (DR = 84%), (b) E5R,lead and E5L,lead in the medium 
dense sand (DR = 64%), (c) E5R,trail and E5L,trail in the dense sand (DR = 84%) and (d) 













Figure 7-33 Deformation of soil elements at x
*
 = ±0.6B, z = 15.9B: (a) E5F,lead and E5B,lead 
in the dense sand (DR = 84%), (b) E5F,lead and E5B,lead in the medium dense sand (DR = 
64%), (c) E5F,trail and E5B,trail in the dense sand (DR = 84%) and (d) E5F,trail and E5B,trail in 
the dense sand (DR = 64%).  
 








  (c) (d) 
Figure 7-34 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 19.1B: (a) 
E6F,lead and E6B,lead in the dense sand (DR = 84%), (b) E6F,lead and E6B,lead in the medium 
dense sand (DR = 64%), (c) E6F,trail and E6B,trail in the dense sand (DR = 84%) and (d) 













Figure 7-35 Deformation of soil elements at x
*
 = ±0.6B, z = 19.1B: (a) E6F,lead and E6B,lead 
in the dense sand (DR = 84%), (b) E6F,lead and E6B,lead in the medium dense sand (DR = 
64%), (c) E6F,trail and E6B,trail in the dense sand (DR = 84%) and (d) E6F,trail and E6B,trail in 
the dense sand (DR = 64%).  
Figure 7-30, Figure 7-32 and Figure 7-34 show that soil elements on either side of 
the leading pile (E4F,lead and E4B,lead) in the medium dense and dense sand samples move 
back and down and that elements on either side of the trailing pile (E4F,trail and E4B,trail), in 
the medium dense and dense sand samples, move back and up with no significant 
deformation (Figure 7-31, Figure 7-33 and Figure 7-35). The backward horizontal 
displacement of the soil element in front of the trailing pile is due to the action of the 
leading pile, which kicks back from depth z = 12.3B. 
Figure 7-31, Figure 7-33 and Figure 7-35 show that the soil element ahead of the 
leading pile in the medium dense and dense sands samples undergoes horizontal 
extension and shearing with insignificant vertical deformation, whereas the soil element 
behind the leading pile does not show significant deformation in the medium dense and 








7.5 Analysis of 1×3 Pile Groups 
7.5.1 Pile response 
Figure 7-36 shows the load-deflection response of the 1×3 pile groups embedded 
in dense (DR = 86%) and medium dense (DR = 66%) sand samples.  
 
 
Figure 7-36 Load-deflection response of the 1×3 pile groups embedded in dense (DR = 
86%) and medium dense (DR = 66%) sand samples. 
Figure 7-36 shows that the lateral load applied on the 1×3 pile groups 
continuously increased as the pile head deflection increased (wx ≈ 0.2B). For a group 
deflection up to about 0.04Bp, the total lateral load on the pile groups embedded in the 
dense and medium dense sands is nearly identical, whereas for pile group deflection 
greater than approximately 0.04Bp (wx ≥ 0.04Bp), the pile group embedded in the dense 
sand takes a greater load than the one in the medium dense sand sample. Similarly to 








7-18), the difference between the lateral loads of 1×3 pile groups in the dense and 
medium dense sand samples increases as the pile group deflection increases.  
Figure 7-37 shows the change in the shear force at the head of the piles during the 
load tests. Figure 7-37 shows that the leading piles in dense and medium dense sands, 
take greater loads than the first and second trailing piles, which carry almost the same 
shear loads. At wx = 0.2Bp, for the dense sand sample, the leading, the 1
st
 trailing and the 
2
nd
 trailing piles carry 44%, 29% and 27% of the total load, respectively, whereas for the 
medium dense sand sample, the leading, the 1
st
 trailing and the 2
nd
 trailing piles carry 




Figure 7-37 Shear force at the head of leading and trailing piles of 1×3 pile groups 
installed in sand sample with: (a) DR = 86% and (b) DR = 66%. 
Figure 7-38 shows the group efficiency of the 1×3 pile group as a function of 










Figure 7-38 Group efficiency of 1×3 pile group in the dense and medium dense sand 
samples. 
It is clear from Figure 7-38 that at the group efficiency in the medium dense and 
dense sands is greater than unity at the beginning of pile group loading (wx/B < 0.03). The 
efficiency of the pile groups remains greater than 0.9 at the rest of pile group loading. In 
general, it can be concluded that from group efficiency stand point, there is a minimal 
interaction between the piles in the medium dense and dense sand samples.  
Figure 7-39 shows the bending moment profiles along leading and trailing piles in 
dense and medium dense sands at normalized pile head deflections of wx/Bp = 0.05, 0.1, 
0.15 and 0.2. Figure 7-39 shows that, for the same pile head deflection, the maximum 





trailing piles. The maximum bending moment produced along the piles embedded in the 
dense sand sample is greater than that of the piles embedded in the medium dense sand 








7-21), the maximum bending moment, for all piles, is observed at z = 4.1Bp (location of 
third pair of strain gauges as shown in Figure 7-6). As shown in Figure 7-39, negative 
bending moments are mobilized at the head of the piles, with the leading piles 
experiencing more negative bending moment at the head.  
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  (e) (f) 
Figure 7-39 The profile of bending moment along the piles in 1×3 pile groups: (a) leading 
pile in the sand sample with DR = 86%, (b) leading pile in the sand sample with DR = 
66%, (c) 1
st
 trailing pile in the sand sample with DR = 86%, (d) 1
st
 trailing pile in the sand 
sample with DR = 66%, (e) 2
nd
 trailing pile in the sand sample with DR = 86% and (f) 2
nd
 
trailing pile in the sand sample with DR = 66%. 
7.5.2 Soil response 
7.5.2.1 Spatial distribution of displacement and deformation 
Figure 7-40 shows the spatial distribution of the normalized horizontal 
displacement and horizontal deformation of the soil surrounding 1×3 pile groups for pile 













Figure 7-40 Spatial distribution of soil displacement and deformation around laterally 
loaded 1×3 pile groups for wx = 0.1B: (a) normalized horizontal displacement in dense 
sand (DR = 86%), (b) normalized horizontal displacement in medium dense sand (DR = 
66%), (c) horizontal deformation in the dense sand (DR = 86%) and (d) horizontal 
deformation in the medium dense sand (DR = 66%). 
Figure 7-40(a) and (b) show that the depth to which the soil undergoes the same 








sand sample. As shown in Figure 7-40(a) and (b), a zone between the piles and behind the 
trailing piles at depth greater than z = 10.5B experiences a backward horizontal 
displacement which indicates that the piles are “kicking back”. Figure 7-40 (c) and (d) 
show that the soil ahead of the pile group undergoes large horizontal compression, 
whereas the soil within a narrow wedge behind the trailing pile undergoes horizontal 
extension. Figure 7-40(c) and (d) also show that soil behind the second trailing pile at 
depths greater than half of the embedment length of the piles (z > 8B) undergoes 
horizontal compression. 
Next, we evaluate the response of soil elements on the back and front of the 
leading and trailing piles at different depths (Figure 7-41) during pile loading. The 
subscripts “lead”, “trail1” and “trail2” are used for the leading, first trailing and second 
trailing piles, respectively. As an example, E2F,trail1 denotes the second soil element 










Figure 7-41 Location of soil elements for DIC analysis of 1×3 pile groups (not in scale). 
 
7.5.2.2 Elements E1F and E1B next to leading and trailing piles(x
*
= ± 0.6B, z= 0.3B) 
Figure 7-42 and Figure 7-43 show the normalized displacement and deformation 
of soil elements E1F,lead, E1B,lead, E1F,trail1, E1B,trail1, E1F,trail2 and E1B,trail2 at depth z = 0.3B at 
x
*
 = 0.6B and x
*
 = -0.6B, respectively, for the dense (DR = 86%) and medium dense sand 
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  (e) (f) 
Figure 7-42 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 0.3B: (a) E1F,lead 
and E1B,lead in the dense sand (DR = 86%), (b) E1F,lead and E1B,lead in the medium dense 
sand (DR = 66%), (c) E1F,trail1 and E1B,trail1 in the dense sand (DR = 86%), (d) E1F,trail1 and 
E1B,trail1 in the medium dense sand (DR = 66%), (e) E1F,trail2 and E1B,trail1 in the dense sand 











  (c) (d) 
  
(e) (f) 
Figure 7-43 Deformation of soil elements at x
*
 = ±0.6B, z = 0.3B: (a) E1F,lead and E1B,lead 
in the dense sand (DR = 86%), (b) E1F,lead and E1B,lead in the medium dense sand (DR = 
66%), (c) E1F,trail1 and E1B,trail1 in the dense sand (DR = 86%), (d) E1F,trail1 and E1B,trail1 in the 
medium dense sand (DR = 66%), (e) E1F,trail2 and E1B,trail1 in the dense sand (DR = 86%) 
and (f) E1F,trail2 and E1B,trail2 in the medium dense sand (DR = 66%). 
Figure 7-42 shows that, in the medium dense and dense sand samples, all the soil 








upward for the soil elements ahead of the leading pile, the first trailing pile and the 
second trailing pile, respectively in the medium dense and dense sand samples.  
Figure 7-43(a) and (b) show that horizontal compression and shearing are 
experienced by the soil element ahead of the leading pile (E1F,lead) and that no significant 
deformation is experienced by the soil element behind the leading pile (E1B,lead). Figure 
7-43(c) and (d) show that the soil elements on either side of the first trailing pile (E1F,trail1 
and E1L,trail1) experience no significant deformation for both the dense and medium dense 
sand samples. Figure 7-43(e) and (f) show that the soil element behind the second trailing 
pile (E1B,trail2) experiences large horizontal extension in the medium dense and dense sand 
samples.  
7.5.2.3 Elements E2F, E2B, E3F and E3B next to leading and trailing piles (x
*
= ± 0.6B, z= 
4.3B and 8.3B) 
Figure 7-44 through Figure 7-47 show the normalized (relative) displacement and 
deformation of soil elements next to the leading, the first trailing and the second trailing 
piles at depth z = 4.3B and 8.3B at x
*
 = 0.6B and x
*
 = -0.6B for the dense (DR = 86%) and 
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 (e) (f) 
Figure 7-44 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 4.3B: (a) E2F,lead 
and E2B,lead in the dense sand (DR = 86%), (b) E1F,lead and E2B,lead in the medium dense 
sand (DR = 66%), (c) E2F,trail1 and E2B,trail1 in the dense sand (DR = 86%), (d) E2F,trail1 and 
E2B,trail1 in the medium dense sand (DR = 66%), (e) E2F,trail2 and E2B,trail1 in the dense sand 















Figure 7-45 Deformation of soil elements at x
*
 = ±0.6B, z = 4.2B: (a) E2F,lead and E2B,lead 
in the dense sand (DR = 86%), (b) E1F,lead and E2B,lead in the medium dense sand (DR = 
66%), (c) E2F,trail1 and E2B,trail1 in the dense sand (DR = 86%), (d) E2F,trail1 and E2B,trail1 in the 
medium dense sand (DR = 66%), (e) E2F,trail2 and E2B,trail1 in the dense sand (DR = 86%) 




















  (e) (f) 
Figure 7-46 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 8.3B: (a) E3F,lead 
and E3B,lead in the dense sand (DR = 86%), (b) E3F,lead and E3B,lead in the medium dense 
sand (DR = 66%), (c) E3F,trail1 and E3B,trail1 in the dense sand (DR = 86%), (d) E3F,trail1 and 
E3B,trail1 in the medium dense sand (DR = 66%), (e) E3F,trail2 and E3B,trail1 in the dense sand 
(DR = 86%) and (f) E3F,trail2 and E3B,trail2 in the medium dense sand (DR = 66%). 
 












Figure 7-47 Deformation of soil elements at x
*
 = ±0.6B, z = 8.3B: (a) E3F,lead and E3B,lead 
in the dense sand (DR = 86%), (b) E3F,lead and E3B,lead in the medium dense sand (DR = 
66%), (c) E3F,trail1 and E3B,trail1 in the dense sand (DR = 86%), (d) E3F,trail1 and E3B,trail1 in the 
medium dense sand (DR = 66%), (e) E3F,trail2 and E3B,trail1 in the dense sand (DR = 86%) 
and (f) E3F,trail2 and E3B,trail2 in the medium dense sand (DR = 66%). 
Figure 7-44 through Figure 7-47 show that the displacement and deformation 








piles at z = 4.3B and 8.3B are similar to what is observed at z = 0.3B, which indicates soil 
horizontal compression ahead of the leading piles and horizontal extension behind the 
second trailing pile during the pile group loading. 
7.5.2.4 Elements E4F and E4B next to leading and trailing piles (x
*
= ± 0.6B, z= 12.3B) 
Figure 7-48 and Figure 7-49 show the normalized displacement and deformation 
of soil elements E4F,lead, E4B,lead, E4F,trail1, E4B,trail1, E4F,trail2 and E4B,trail2 at depth z = 12.3B at 
x
*
 = 0.6B and x
*
 = -0.6B, respectively, for the dense (DR = 86%) and medium dense sand 
(DR = 66%) samples.  
 











  (e) (f) 
Figure 7-48 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 12.3B: (a) 
E4F,lead and E4B,lead in the dense sand (DR = 86%), (b) E4F,lead and E4B,lead in the medium 
dense sand (DR = 66%), (c) E4F,trail1 and E4B,trail1 in the dense sand (DR = 86%), (d) E4F,trail1 
and E4B,trail1 in the medium dense sand (DR = 66%), (e) E4F,trail2 and E4B,trail1 in the dense 






















Figure 7-49 Deformation of soil elements at x
*
 = ±0.6B, z = 12.3B: (a) E4F,lead and E4B,lead 
in the dense sand (DR = 86%), (b) E4F,lead and E4B,lead in the medium dense sand (DR = 
66%), (c) E4F,trail1 and E4B,trail1 in the dense sand (DR = 86%), (d) E4F,trail1 and E4B,trail1 in the 
medium dense sand (DR = 66%), (e) E4F,trail2 and E4B,trail1 in the dense sand (DR = 86%) 
and (f) E4F,trail2 and E4B,trail2 in the medium dense sand (DR = 66%). 
Figure 7-48 shows that the horizontal displacement of all the soil elements, in the 
medium dense and dense sand samples, is backward, indicating that all piles “kick back” 
at z = 12.3B during pile group deflection. As a results and as shown in Figure 7-49(a) and 
(b), the soil element ahead of the leading pile (E4F,lead) in the medium dense and dense 
sand samples undergoes horizontal extension. 
7.5.2.5 Elements E5F and E5B next to leading and trailing piles (x
*
= ± 0.6B, z= 15.9) 
Figure 7-50 and Figure 7-51 show the normalized displacement and deformation 
of soil elements E5F,lead, E5B,lead, E5F,trail1, E5B,trail1, E5F,trail2 and E5B,trail2 at depth z = 15.9B at 
x
*
 = 0.6B and x
*
 = -0.6B, respectively for the dense (DR = 86%) and medium dense sand 























Figure 7-50 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 15.9B: (a) 
E5F,lead and E5B,lead in the dense sand (DR = 86%), (b) E5F,lead and E5B,lead in the medium 
dense sand (DR = 66%), (c) E5F,trail1 and E5B,trail1 in the dense sand (DR = 86%), (d) E5F,trail1 
and E5B,trail1 in the medium dense sand (DR = 66%), (e) E5F,trail2 and E5B,trail1 in the dense 















Figure 7-51 Deformation of soil elements at x
*
 = ±0.6B, z = 15.9B: (a) E5F,lead and E5B,lead 
in the dense sand (DR = 86%), (b) E5F,lead and E5B,lead in the medium dense sand (DR = 
66%), (c) E5F,trail1 and E5B,trail1 in the dense sand (DR = 86%), (d) E5F,trail1 and E5B,trail1 in the 
medium dense sand (DR = 66%), (e) E5F,trail2 and E5B,trail1 in the dense sand (DR = 86%) 
and (f) E5F,trail2 and E5B,trail2 in the medium dense sand (DR = 66%). 
Figure 7-50 shows that all the soil elements next to the piles at z = 15.9B, in the 








response similar to what was observed for the elements next to the piles at z = 12.3B (see 
Figure 7-48). Figure 7-51(a) and (b) show that the soil element ahead of the leading pile 
(E5F,lead) in the medium dense and dense sand samples undergoes horizontal extension 
and shearing. Larger horizontal extension in the medium dense sand indicates that pile 
deflection can take place at greater depths in the medium dense sand sample than in the 
dense sand sample. It can be seen in Figure 7-51(c) and (d) that the soil elements on 
either side of the first trailing pile, in dense sand and medium dense sand samples, do not 
experience significant deformation. Figure 7-51(e) and (f) show that the soil element 
ahead of the second trailing pile undergoes horizontal compression in the medium dense 
sand sample, while the same element in the dense sand sample does not experience 
significant horizontal deformation. 
7.5.2.6 Elements E6F and E6B next to leading and trailing piles (x
*
= ± 0.6B, z= 19.1B) 
Figure 7-52 and Figure 7-53 show the normalized displacement and deformation 
of soil elements E6F,lead, E6B,lead, E6F,trail1, E6B,trail1, E6F,trail2 and E6B,trail2 at depth z = 19.1B at 
x
*
 = 0.6B and x
*
 = -0.6B, respectively for the dense (DR = 86%) and medium dense sand 























Figure 7-52 Normalized displacement of soil elements at x
*
 = ±0.6B, z = 18.9B: (a) 
E6F,lead and E6B,lead in the dense sand (DR = 86%), (b) E6F,lead and E6B,lead in the medium 
dense sand (DR = 66%), (c) E6F,trail1 and E6B,trail1 in the dense sand (DR = 86%), (d) E6F,trail1 
and E6B,trail1 in the medium dense sand (DR = 66%), (e) E6F,trail2 and E6B,trail1 in the dense 















Figure 7-53 Deformation of soil elements at x
*
 = ±0.6B, z = 18.9B: (a) E6F,lead and E6B,lead 
in the dense sand (DR = 86%), (b) E6F,lead and E6B,lead in the medium dense sand (DR = 
66%), (c) E6F,trail1 and E6B,trail1 in the dense sand (DR = 86%), (d) E6F,trail1 and E6B,trail1 in the 
medium dense sand (DR = 66%), (e) E6F,trail2 and E6B,trail1 in the dense sand (DR = 86%) 








Figure 7-52 shows that, similarly to the elements at depths z = 12.3B and 15.9B, 
all the soil elements next to the piles at z = 19.1B, in the medium dense and dense sand 
samples, move backward during pile group deflection. 
Figure 7-53(a) and (b) show that soil elements E6F,lead and E6L,lead, in the medium 
dense and dense sand samples, experience horizontal extension and shearing, with the 
magnitude of deformation being greater in the medium dense sand than in the dense sand 
sample indicating that pile deflection can reach greater depths in the medium dense sand 
than in the dense sand. It is seen in Figure 7-53(c) and (d) that no significant deformation 
takes place for the soil elements on either side of the first trailing pile at z = 19.1B. Figure 
7-53(e) and (f) show that the soil elements on either side of the second trailing pile 
(E6F,trail2 and E6B,trail2) in the medium dense and dense sand samples experience horizontal 
compression during pile group deflection which is due to the backward motion of the first 
and second trailing piles at z = 19.1B. 
7.6 Summary and Conclusion 
The results of six calibration chamber lateral load tests on model non-
displacement single piles and pile groups (with s = 2Bp) embedded in dense and medium 
dense sand samples were presented in this study. A surcharge of 50 kPa was applied on 
top of all soil samples. The response of piles was investigated using sensors attached to 
the piles and the response of the soil in the plane of symmetry was studied using the DIC 
technique. Load test results showed that the lateral capacity of single piles and pile 








load-deflection response of piles at maximum pile head deflection (wx ≈ 0.2B) was nearly 
linear in dense sand samples and curved in medium dense sand samples. Load test results 
confirmed that leading piles in the 1×2 and 1×3 pile groups absorbed more shear force 
than do the trailing piles. In the 1×2 pile groups, the difference between the head shear 
forces of leading and trailing piles was greater in the dense sand than in the medium 
dense sand, which implied more interaction between the piles in the dense sand. In 1×3 
pile groups, the first and the second trailing piles carried nearly the same shear force 
during the pile group loading irrespective of the sand relative density. It was observed 
that the maximum bending moments for all piles took place approximately at one fourth 
of the pile embedded length (z = 4.3B). 
The DIC analyses revealed that the horizontal extent of the soil volume that 
experienced displacement and deformation was greater in the dense sand samples than in 
the medium dense sand samples, whereas the vertical extent of the soil experienced 
displacement and deformation was greater in the medium dense sand samples than in the 
dense sand samples. DIC analyses showed that the deflection of piles embedded in 
medium dense sand samples at depths greater than z = 8B was greater than the deflection 
of piles in dense sand samples. It was shown that soil elements in front of single and 
leading piles underwent horizontal compression down to z = 8B, whereas, at greater 
depths, due to the backward motion of the piles, the soil elements experienced horizontal 
extension. Conversely, soil behind the single piles and the last row of trailing piles 
experienced horizontal extension for z < 8B but horizontal compression at greater depths. 









CHAPTER 8. FUTURE WORK 
This dissertation was dedicated to study the analysis of piles using novel 
theoretical and experimental approaches. We developed a semi-analytical solution to 
analyze laterally and axially loaded single piles and pile groups in multilayered elastic 
soil, which is capable to produce results much faster than numerical methods such as the 
finite element method. However, the solution is based on a series of simplifying 
assumptions and can be improved in future. The major improvement can be in using 
more realistic constitutive models for the soil, which can make the solution even more 
appealing in practice. The current framework is based on the principle of virtual work, 
which makes it suitable for implementation of more advanced constitutive models. 
Another improvement can be on taking into account a combination of lateral and axial 
loads as well as bending moments in the solution. In practice, it is very customary to deal 
with group of piles that are under various types of loads; therefore, further development 
of the semi-analytical solution for piles under combined loading is a major breakthrough. 
One assumption used in the current theoretical study was the absence of relative 
displacement between pile and soil, which is a simplifying assumption that may not 
always be realistic. Therefore, improving the current solution to take into account for 
relative motion between the soil and pile could be beneficial. Another assumption in this 








common in practice. Taking into account the cap-soil contact would be a desirable 
enhancement. 
The Digital Image Correlation technique enabled us to study the response of soil 
during pile loading. A major assumption in the current DIC technique is to view a group 
of soil particles as a soil element and track elements determined in this manner to 
produce the displacement and strain fields. It was observed for axially loaded piles in the 
vicinity of the pile shaft that soil particles experience large rotation and displacement 
during the pile loading, which makes it difficult to track them as elements. Therefore, it 
would be very beneficial to advance the current technique to take into account the large 
rotation and displacement of soil particles in predefined elements. Another improvement 
would be to take into account particle crushing as well, which is very common at the base 
level of axially loaded piles. In the current study, we analyzed the response of coarse-
grained soil (sand) during the pile loading. Coarse-grained soil is very suitable for DIC 
analysis since soil particles can be distinguished and thus tracked with ease. Enabling 
DIC analysis of fine-grained soil (e.g., silt or clay-sized soil) would be another 
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